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Abstract

Multi-Resolution Graph Cuts for Stereo-MotionEstimation

Joshua A. Worby

Master of Applied Science

Graduate Department of The Edward S. RogersSr. Department of Electrical and

Computer Engineering

University of Toronto

2007

This thesispresents the designand implementation of a multi-resolution graph cuts

(MRGC) for stereo-motionframework that producesdensedisparity maps. Both stereo

and motion are estimated simultaneously under the original graph cuts framework [8].

Our framework extendsthe problemfrom oneto �v edimensions,creatinga largeincrease

in complexity. Using three di�erent multi-resolution graph cut algorithms, LDNR, EL

and SAC, we reduce the number of pixels m and the number of labels n that limit

the � � � swap algorithm (with complexity O(mn2) required from the de�nition of

our semi-metric smoothnessfunction. This results in a reduction of computation time

and the abilit y to handle larger imagesand larger label sets. The choice of the three

MRGC algorithms to use in computation determinesthe appropriate level of accuracy

and computation time desired.
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Chapter 1

In tro duction

The goal of computer vision is to design an arti�cial system that models the world

through the analysisof information from images.In general,researchershave had success

interpreting this information via statistical or geometrictechniquesto producecomplex

computer vision systems. Nowadays, systemsexist that are able to perform di�cult

taskssuch asobject recognition,object tracking, scenereconstruction,imagerestoration,

navigation, robotics and medical applications.

In order to perform thesetasks,a focusin computer vision hasbeenplacedon devel-

oping algorithms to handle stereo-vision and motion estimation. Stereoalgorithms infer

depth of perceived scenepoints from two imagestaken from di�erent viewpoints. Motion

algorithms determinescenestructure from two temporally separatedimages.A key issue

in both casesis the problem of correspondence: determining matching elements (scene

points, features, lines) between images. The position di�erence betweencorresponding

featuresis de�ned asthe disparity . Disparity estimatesfor every singlepixel in an image

form a densedisparity map.

In general,when determining visual correspondence,we assumethat the scenecon-

tains Lambertian surfaceswithout specularities,re
ectiv esurfacesor transparent objects.

Theseassumptionsallow for intensity basedframeworks, whereit is assumedthat corre-

1



Chapter 1. Intr oduction 2

sponding pixels' intensity is constant. However, many problemsarise in this framework.

When imagesaretakenfrom two di�erent viewpoints or at two di�erent instancesin time,

lighting conditions may vary or camerasensorsmay induce noiseinto the system. Scene

points captured acrossmultiple pixels causeproblemswith image blurring. Textureless

regionsdo not provide enoughinformation, requiring information to be propagatedfrom

surrounding pixels through spatial smoothnessconstraints. However, depth discontinu-

ities break these smoothnessconstraints. Occlusions causeforeground objects to hide

di�erent parts of the background betweenthe two images,causingpixels in oneimageto

have no corresponding pixels in the other. With all theseproblems,determining a dense

disparity map becomesdi�cult, with many candidatesolutionspossible.

To evaluate the large number of candidate solutions, we can use an optimization

approach to identify the best solution. There are two stepsinvolved whenusingthe opti-

mization approach. The �rst step is to de�ne an objective function that encapsulatesthe

constraints of an acceptablesolution and provides a measureof goodnessfor a solution.

Smaller values of the objective function relate to better solutions. Thus, we attempt

to �nd the the global minimum, or the optimal solution, of the objective function. The

secondstep is to develop a mechanism to determinethe optimal solution by minimizing

the objective function. Often, a compromiseis required between stepsone and two to

simplify the optimization task. This compromisesometimesmakes it di�cult to reach

the optimal solution.

The optimization approach providesa Bayesianframework for many vision problems.

We are able to formalize constraints of the problem and global properties of the system

by encoding them in the objective function. However, the optimization approach is

computationally expensive. Minimization of the objective function is generally a NP-

hard problem, making it impossibleto �nd the global minimum.

Graph cuts [6, 7, 8, 5, 18, 28] is an exampleof an optimization approach that com-

putes visual correspondence. The method incorporates a global energy function and a
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maximum 
o w technique to provide very accurateresults. However, like most optimiza-

tion approaches, it has a high computational cost. The technique depends greatly on

the number of pixels in the image, or image size, and the size of the disparity range,

which translatesdirectly to the number of labels. Nowadays, imagesequencesare gener-

ally 640 � 480pixels in sizeor greater and typically contain sceneswith large object or

cameramotion, making this method intractable and very slow.

In this work, we addressthe limitations of the graph cuts technique described above.

The goal of this work is to provide a framework to compute visual correspondence,or

densedisparity maps,with increasedspeed,reducedcomputational cost and the abilit y

to handle larger imagesand disparities, all the while maintaining high accuracy. The

key to achieving our goalsis the implementation of a multiscale technique for graph cuts

that encodesboth the combined stereoand motion constraints. The basicassumptionis

that a multiscale approach allows for a method to quickly initialize the objective function

closerto the global minimum than if it were left to its own devices.This speedsup the

minimization step and allows for larger disparities and larger images. To improve the

accuracy, imposingboth stereoand motion constraints should result in greateraccuracy

than using only stereoor motion constraints separately.

This thesis is organized as follows: Chapter 2 describes the relevant background

information necessaryfor a combined stereo-motionapproach. The chapter beginswith

a discussionof the imageformation process,motion analysisand stereo-vision.We next

explain the graphcuts techniqueand the method in [5] to minimize the objective function.

Chapter 3 provides a detailed description of the design of an objective function that

encodesboth stereoand motion constraints and the methodology involved in creating a

multiscalemethod. Wepresent the resulting disparity mapsand their analysisin Chapter

4, with Chapter 5 providing conclusionsand possibledirections for future work.



Chapter 2

Background

In Chapter 1 we establishedthe focus of this work; to provide a framework to compute

densedisparity maps,with increasedspeed,reducedcomputational cost and the abilit y

to handle larger imagesand disparities, with improved accuracywhen comparedto the

traditional graph cuts approach. In order to achieve this, this chapter introducessome

of the conceptsapplied throughout the thesis. We begin with a brief description of the

image formation processand the matrix projection model in Section 2.1 and Section

2.2, respectively. Section2.3 discussesthe motion �eld and optical 
o w, which is then

followed by a description of stereo-visionin Section 2.4. Next, we present the graph

cuts technique for stereocomputation of densedisparity maps,with focus on the graph

creation and objective function formulation in Section 2.5 and a possibleenergymini-

mization technique usedin Section2.6. Finally, Section2.7 provides a literature review

of stereoalgorithms and motion algorithms, with emphasison methods that combine the

two.

2.1 Image Formation: The Pinhole Camera

Image formation is the processin which a three dimensionalsceneis projected onto a

two-dimensionalsurface. In the caseof a typical cameraaimed at a real-world scene,

4
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Y

fZ

y

Real-world object

Pinhole aperture
Image plane
object

Figure 2.1: Example of a pinhole camerawith focal length f , illustrating the projection
of a real-world object of height Y and at depth Z from the aperture. This results in an
object height of y in the imageplane.

the two-dimensionalsurfacecoincideswith a light-sensitive sensor. This sensorrecords

light re
ected from each point in the target sceneto produce a corresponding \image"

that can be reproducedat a later time. This description of the imageformation process

indicatesa needfor a one-to-onecorrespondencebetweenvisible scenepoints and image

points, sothat each imagepoint recordsonly the light emitted by its corresponding scene

point. Developinga model of this geometricprojection will aid our understandingof the

imageformation process.

The most commongeometricmodel for this image formation processis the pinhole

camera, illustrated in Figure 2.1. Light in the scenepassesthrough a pinhole sized

aperture onto the imageplane wherelight in the real-world sceneis recorded.Typically,

we assumethe cameraorigin to coincidewith the camera'saperture. We can formalize

the resulting scenegeometryby the following imagepoint to scenepoint relationships:

x = f
X
Z

(2.1)

y = f
Y
Z

: (2.2)
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� �

� �

Yw

X w

~Pw

Zc

Zw

~Pc

X c

Yc

~T

R

Figure 2.2: Transforming from the world coordinate system to the cameracoordinate
systemrequiresa rotation R and a translation T.

2.2 Matrix Pro jection Mo del

To further formalize the geometricmodel presented in the previous section,we charac-

terize the parametersof the underlying cameramodels. We begin by assumingsome

knowledgeof the camera'scharacteristics,known as the camera'sextrinsic and intrinsic

parameters. Theseparametersde�ne the transformations from a world referenceframe

to an image'spixel coordinate system.

The extrinsic parametersde�ne the transformation from the world coordinate system

to the camera coordinate system, which involve a rotation, R, and a translation, ~T,

illustrated in Figure 2.2. The translation describes the o�set between the origin of the

two systems,while the rotation brings into alignment the axesof the two systems. We

represent the external matrix, M ext , as

Mext = [R; � R ~T] : (2.3)

Similar to the extrinsic parameters,the intrinsic parametersde�ne a transformation

betweentwo coordinate systems,the di�erence being a transformation from the camera

coordinatesystemto the pixel coordinatesystem. Theseparametersformally characterize
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the optical, geometric and digital characteristics of the viewing camera. In a pinhole

camera model, we need to specify the focal length, f , the location where the optical

axis intersectsthe imageplane, known as the imagecentre, (ox ; oy), the pixel width and

height scalefactors, Sx and Sy respectively, and the skew introduced by the alignment

of the cameraoptics, 
 . We represent the intrinsic transformation matrix as

M int =

2

6
6
6
6
4

f
Sx


 ox

0 f
Sy

oy

0 0 1

3

7
7
7
7
5

(2.4)

resulting in the following linear matrix equation describingperspective projections
0

B
B
B
B
@

x1

x2

x3

1

C
C
C
C
A

= M int Mext

0

B
B
B
B
@

X w

Yw

Zw

1

C
C
C
C
A

(2.5)

with imagecoordinatesspeci�ed by

x im =
x1

x3
(2.6)

yim =
x2

x3
: (2.7)

2.3 Motion Field and Optical Flo w

Motion analysisstudiesthe changesin the spatial and temporal domainsdiscoveredin an

imagesequence.Di�culties arise when attempting to determine which elements of one

frame correspond to which elements of the next frame in a sequence[26], often known as

the correspondence problem. The secondmajor problem posedin motion analysisis the

problem of reconstructing the 3D motion and structure of the scenegiven corresponding

elements.

To tackle theseproblems, we introduce the notion of an idealized representation of

visual motion termed the motion �eld . The motion �eld, often referredto as2D motion,
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is the resulting projection of the 3D velocity �eld onto the two dimensionalimageplane.

Given a known focal length f , image points ~p, and scenepoints ~P, we represent the

motion �eld equation as

~u =
d~p
dt

=
f
P3

2

6
6
6
6
4

1 0 � p1
f

0 1 � p2
f

0 0 0

3

7
7
7
7
5

f ~T + ~
 � ~Pg

=

2

6
6
6
6
4

1 0 � p1
f

0 1 � p2
f

0 0 0

3

7
7
7
7
5

8
>>>><

>>>>:

f
P3

2

6
6
6
6
4

T1

T2

T3

3

7
7
7
7
5

+

2

6
6
6
6
4


 2f � 
 3p2

� 
 1f + 
 3p1


 1p2 � 
 2p1

3

7
7
7
7
5

9
>>>>=

>>>>;

(2.8)

where ~T is the instantaneoustranslation velocity and ~
 is the rotational velocity.

Many instancesoccur where the motion �eld is not recoverable from an image se-

quencealone. For example, picture a mirror-textured, rotating spherein a stationary

environment. From the point of view of the imagesequence,there is no changein terms

of intensity values on the surface of the sphere, which re
ects the scenepoints even

though the spherecontinuesto rotate.

Rather than projecting from the sceneto the imageplane,we canrely on the informa-

tion provided by the imagesequencealone,such asimageintensity values,to recover the

motion �eld. The idea is to useimagemotion to approximate a recovery of the motion

�eld, producing a 2D motion �eld termed the optical 
o w �eld. We estimate the optical


ow �eld under the assumptionthat a scene'spoint intensity value will remain constant

while in motion. This assumptionis namedthe BrightnessConstancyConstraint (BCC)

[9, 16], and states that the intensity values, I (x(t); y(t)), of a particular scenepoint,

(x(t); y(t)), do not changeover short time intervals, � t. Formally, the BCC is expressed

by

dI (x; y; t)
dt

= 0 : (2.9)
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Using the chain rule for di�erentiation, we expressthis relation with respect to spatial

and temporal partial derivatives:

dI (x; y; t)
dt

=
� I
� x

dx
dt

+
� I
� y

dy
dt

+
� I
� t

= 0 : (2.10)

To simplify the notation, we use

ux = dx
dt ; uy = dy

dt
(2.11)

I x = � I
� x ; I y = � I

� y ; I t = � I
� t

(2.12)

resulting in

I xux + I yuy + I t = 0 (2.13)

or in vector notation

~r I T
~x ~u + I t = 0 ; ~r I ~x =

2

6
4

I x

I y

3

7
5 (2.14)

or

~r I T

2

6
4

~u

1

3

7
5 = 0 where ~r I =

2

6
6
6
6
4

I x

I y

I t

3

7
7
7
7
5

and ~u =

2

6
4

ux

uy

3

7
5 : (2.15)

Wearenow ableto discernimagemotion giventhe spatiotemporal gradients (I x ; I y; I t )

of an imagesequence.However, there are still many problemsto be addressedin regards

to the computation of optic 
o w. Optical 
o w is an ill-p osedproblem,dueto the Aperture

Problemdescribed in Section 2.3.2,and doesnot always coincidewith the motion �eld.

Other di�culties relate to violations of the BCC equationdueto scenelighting conditions

and object surfacecharacteristics(such asuntextured imageregions),temporal aliasing,

occlusionsand errors in gradient estimatescausedby the aggregationof information over

a �nite area.

2.3.1 Optical Flo w Comp onent Velocities

We introduce optical 
o w in terms of its component velocities. Figure 2.3 illustrates

optical 
o w in terms of its two component vectors, ~uk and ~u? . The component of the
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~u

Real-world object

~u?

~uk

Figure 2.3: The motion of a real world object is represented by an optical 
o w vector, ~u.
This optical 
o w vector can be broken down into two orthogonal vectors,~uk and ~u? .

optical 
o w parallel to the object contour is describedby ~uk, while ~u? givesthe component

of the optical 
o w perpendicular to the object's contour.

2.3.2 The Ap erture Problem

The main complication with the BCC equation is that the equation has only one con-

straint for the two unknownsof velocity, forming an ill-p osedproblem. We best illustrate

this fact by isolating the measurablequantities in Equation 2.13to arrive at

~u? = �
I t

kr I k
: (2.16)

.

This problem is known as the Aperture Problemand can best be visualized in Fig-

ure 2.4. Given the viewable region of the circle and an edgeof a moving squareat time

t (thick line) and at time t + 1 (thin line), we are only able to visualize a motion per-

pendicular to the image gradient, Figure 2.4(a), with no abilit y to retrieve the motion

parallel to the imagegradient, Figure 2.4(b).

To overcomethe aperture problem,weestimatemotion by groupingcomponent veloc-

ities, requiring a minimum of two non-parallel component velocities. Therefore,motion

estimation now becomesa matter of recovering thesecomponents accurately and then
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edgeat time t
edgeat time t+1

edgeat time t
edgeat time t+1

~u
~uk~u?

~u?

Figure 2.4: The aperture problem where (a) BCC only able to derive ~u? given a small
viewing region while (b) shows the actual motion vector, ~u of the moving square.

grouping then in an intelligent manner. Methods attempting to solve this problem are

still areasof current research in computer vision.

2.3.3 Parametric Mo dels for Optical Flo w Computation

One method to compute optic 
o w vectors is to assumean underlying motion model

for the image or someregion. This way, we reduce the number of parametersneeded

to estimate the optic 
o w, making them lesssensitive to noise. However, we still have

the dilemma of deciding how large a region over which to group the optic 
o w vectors.

If we use too large a region, we run the possibility of grouping optic 
o w vectors from

two or more objects moving in di�erent directions. For example, a region crossingan

object boundary contains BCC's that are unrelated, thereby contaminating our motion

estimates.

Typical parametric motion modelsare the constant motion model, the a�ne motion

model, the projective motion (or planar) model and higher orderparametric motion mod-

els. The constant motion model represents the optic 
o w vectorsas simple translations

over the entire region,whereeach location undergoesthe sametranslation. The resulting
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motion, ~u, movesthe imagepoint ~x to ~x0 via

~x0 = ~x + ~u or

2

6
4

x0

y0

3

7
5 =

2

6
4

x

y

3

7
5 +

2

6
4

ux

uy

3

7
5 : (2.17)

A secondparametric model, the a�ne motion model, represents the possiblemotion

an object can undertake as translation, shearing,scaling and rotation over the region.

We represent the a�ne motion model as

~x0 = A~x + ~b or

2

6
4

x0

y0

3

7
5 =

2

6
4

A11 A12

A21 A22

3

7
5 +

2

6
4

b1

b2

3

7
5 : (2.18)

Higher order parametric models,such asthe projective motion model, areoutsidethe

scope of this chapter and are left for the readerto exploreat their own discretion.

2.3.4 Non-P arametric Optical Flo w Computation

Originally, Horn and Schunck [16] estimated optic 
o w without an underlying motion

model. Sincethe BCC equation 2.13 was an ill-p osedproblem, they imposeda second

global constraint, known as the smoothnessconstraint, requiring neighbouring pixels to

be spatially coherent.

Their approach utilized the following cost function:

C =
Z Z

R

(� � 2
c + � 2

b )dxdy (2.19)

where � is a constant greater than 0. � determinesthe relative importance of the BCC

term � b, represented as

� b = I xux + I yuy + I t = 0 (2.20)

and the � 2
c term enforcesthe smoothnessconstraint via:

� 2
c =

dux

dx

2

+
dux

dy

2

+
duy

dx

2

+
duy

dy

2

: (2.21)
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Problems with this method arise in regionsof the image where the optic 
o w may

be discontinuous. Solving Equation 2.19 for a minimum value requires the calculus of

variations, and may be non-trivial to solve for more generalcost functions that can deal

with discontinuities [24].

2.4 Stereo

In the �eld of visual perception, stereopsis is the processwhere we infer the depth, or

distance of objects. Given multiple imagesof a scenetaken from di�erent viewpoints

and known intrinsic and extrinsic parameters,we are able to discern the depth of an

object through the processof triangulation. In the caseof binocular stereo,we perform

triangulation on the resulting imagesfrom two camerasin order to obtain the location

of 3-D scenepoints. We illustrate this processin Figure 2.5 wherewe determinea scene

point's location by the intersection of two rays. Each ray originates from the centre of

projection of its respective camera,passesthrough its image point, and intersectswith

the ray from the other cameraat the location of the scenepoint. In general, the two

rays will not intersect in spaceso we estimate their point of intersection as the point of

minimum distancefrom both rays in a least squaresmanner.

Stereovision is similar to motion analysisin that it must solve the two main problems

of correspondenceand reconstruction. The di�erence betweenthe two methods is in their

respectivesetup. While motion hasonecameracreatingtwo imagesseparatedtemporally,

stereohas two cameras,separatedby somebaselinedistance,taking imagesat the same

instance in time. Therefore,correspondencenow becomesa search for matching points

in the binocular imagepair, often termed stereo matching.

Reconstruction,on the other hand, often dealswith the interpretation of disparitiesof

all the corresponding imagepoints, wherea disparity is de�ned asthe di�erence between

the location of a pixel in the left imageand the location of its corresponding pixel in the
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P

pl
pr

Cr~TCl

Figure 2.5: Triangulating a scenepoint's location from the intersection of two rays,
originating from cameracentres Cl and Cr .

right image. By grouping all the resulting disparities into a disparity map, we are able to

create3D map of the viewed scene.In the simplest caseof a binocular setup, wherethe

optical axesare parallel and perpendicular to the baseline,and the focal lengths f for

both camerasare the same,we can usesimilar triangles to compute the distanceto the

scenepoint P. This is best illustrated in Figure 2.6 where we are given corresponding

points in the left image x l and in the right image xr , the optical centres Cl and Cr for

the left and right camerasrespectively and the baselineT. Using similar triangles, we

obtain
Z

Z � f
=

T
T � xr + x l

=
T

T � d
(2.22)

wheredisparity is d = xr � x l . The resulting distanceZ is

Z = f
T
d

: (2.23)

In this simple geometry, the disparity always lies along the scanline(a row with the

samey value) of an image, thereby simplifying the correspondencesearch from a two-

dimensionalsearch (as in motion analysis) to a one-dimensionalsearch.
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f

P

Z

x l xr

CrCl T

Figure 2.6: Given cameracentres Cl and Cr , focal length f , baselineT and known point
correspondencesx l and xr , we are able to obtain distance Z to point P using similar
triangles.

2.4.1 Epip olar Geometry

In the most generalcaseof a stereosystem,we get the systemshown in Figure 2.7. The

�gure shows two pinhole cameras,their respective projection centres Cl and Cr and the

baseline~T = Cl � Cr . The scenepoint P is referencedby two vectors ~Pl = [X l ; Yl ; Z l ]T

and ~Pr = [X r ; Yr ; Zr ]T , which passthrough their respective imageplanesat imagepoints

~pl = [x l ; yl ; zl ]T and ~pr = [xr ; yr ; zr ]T . The relation between ~Pl and ~Pr is

~Pr = R( ~Pl � ~T) (2.24)

and betweena scenepoint and its projected points in the imageplanesis

~pl = f l
Z l

~Pl ~pr = f r
Z r

~Pr : (2.25)
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Epipolar Plane

P

Epipolar Line Epipolar Line

~el

~pl

~er

~pr

Cl
Crbaseline, ~T

Figure 2.7: The epipolar geometryof the most generalcaseof a stereosystem.

The importance of epipolar geometry lies in the relationship between the epipolar

plane, de�ned by Cl , Cr and P, and its lines of intersection with each image planes,

called epipolar lines. The corresponding points pr and pl both lie on corresponding

epipolar lines, thus rendering the search one-dimensionalagain. This is known as the

epipolar constraint.

2.4.2 Stereo Recti�cation

To create the simple system of Figure 2.6 from the general system in Figure 2.7, we

usea processknown as stereo recti�c ation. This processaligns the epipolar lines of the

binocular image pairs, reducing the search for corresponding points down to the same

row in the image.

The generalidea is to rotate each cameraaround their optical centres, as shown in

Figure 2.8. Each rotation is described asa non-singular3 � 3 projection, or homography
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P

Cl Cr

H l

changeof basis

H r

Figure 2.8: Stereorecti�cation.

matrix H , reprojecting pixels from an initial imageto a transformed imageaccordingto

2

6
6
6
6
4

x0

y0

z0

3

7
7
7
7
5

= H

2

6
6
6
6
4

x

y

1

3

7
7
7
7
5

: (2.26)

In this case,the initial stereopair of imagesare recti�ed by applying two appropriate

homographies,H l and H r . We computeH l and H r knowing the position and orientation

of the two camerasgiven known camera intrinsic and extrinsic parameters. Applying

the two homographiesto the original images,we obtain the new imagepair of recti�ed

images. For each pixel (x0; y0) in the recti�ed image, its corresponding pixel (x; y) in

the original image is computed using H � 1. This results in real-valued (non-integer)

imagecoordinates, thus requiring a method to determine a pixel's intensity value, such

as bilinear or biquadratic interpolation, from a neighbourhood of pixel intensity values.
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2.4.3 Stereo Matc hing

In [23] stereomatching algorithms generallyfollow thesefour steps:

1. Matching cost computation: somecommon onesinclude squaredintensity di�er-

ences(SD), absolute intensity di�erences (AD), normalisedcross-correlation,and

binary matching costsbasedon featuressuch as edges.

2. Cost (support) aggregation:the summingor averagingof the matching cost over a

support region in the neighbourhood around the pixel.

3. Disparity computation / optimisation: selectingthe best disparity estimate based

on somecost function or error measure.

4. Disparity re�nement: improving disparity estimatesto sub-pixel accuracy.

The actual sequenceof stepsmay vary and as such, dependson the speci�c algorithm

used.

Stereoalgorithms take two forms: (1) sparsemethods; and (2) densemethods. Sparse

methods reducethe search for correspondenceto a distributed set of discrete features,

such asedgesor corners,producing sparsedisparity maps. Densemethods, on the other

hand, producedisparity valuesat every pixel. Typically they can be classedinto local or

global methodsdependingon the measureusedin step3 above. Local methodsplacemore

importanceon the matching cost computation and cost aggregationsteps,resulting in a

greedyapproach at each pixel. A classicexampleof a local method is performedby Lucas

and Kanade[20] wherea local constant motion model is determinedby a weighted least

squaressolution. Global methods make explicit smoothnessassumptionsand then solve

an optimization problem. This emphasizesthe search for a disparity computation (step

3) that minimizes a global cost function, which combinesdata (step 1) and smoothness

terms. This is bestdemonstratedin the original paper on optic 
o w by Horn and Schunck
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[16]. Their global method usesa smoothnessconstraint and secondorder derivatives in

an iterativ e processto determineoptic 
o w.

2.5 Graph-Based Energy Minimization

Many computervision problemscanbeviewedaslabelingproblems. To specify a labeling

problem, we have a set of n sites,P, and a set of k labels, L, with the problem lying in

the assignment of a speci�c label to every site. Thus a labeling is a mapping from P to

L.

In this section,we discussthe stepsinvolved in a speci�c type of graph-basedenergy

minimization technique called graph cuts. The �rst step involves formulating a global

energyfunction basedon a Bayesianframework using Markov Random Fields (MRF's).

MRF theory was �rst introduced to the vision community by Geman and Geman [13].

It provides a basis for modeling contextual constraints in visual processingand inter-

pretation in the form of an energyfunction, thus enabling us to develop optimal vision

algorithms whenusing optimisation principles. It is assumedthat knowledgeof MRFs is

known by the readerand will not be covered in this thesis.

The useof MRFs to formulate an energyfunction lends itself nicely to a maximum

a posteriori (MAP) estimation. Estimates are obtained by solving a multiway minimum

cut problem on a graph. Methods that provide good approximations are two di�erent it-

erativealgorithms, called� -expansionand � -� swap. Finally, wediscussthesealgorithms

and their designimplications.

2.5.1 A Bayesian Framew ork for Vision Problems

Gemanand Geman[13] introducedMarkov RandomFields to the computer vision com-

munity. An MRF is composedof a set P = f 1; 2; :::; ng of pixel sitesp, a neighbourhood

systemN = f Npjp 2 Pg whereeach Np is a subsetof pixels in P describingthe neigh-
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bours of p, and a set of random variablesF = f Fpjp 2 Pg. Each Fp is assigneda value

in the label set L.

In [19], the Hammersley-Cli�ord theoremprovesthe equivalencebetweenMRF's and

Gibbs random �elds. This theorem de�nes a clique as a set of sites whereeach member

is a neighbour of all the other members. That way a Gibbs random �eld can be speci�ed

by the Gibbs distribution

P(f ) = Z � 1 exp

 

�
X

c2 C

Vc(f )

!

(2.27)

whereC is the set of all cliques,Z is the normalizing constant and Vc(f ) are functions

from a labeling to a real number, calledcliquepotential functions. Assuminga four-point

neighbourhood system N , we create clique potentials involving pairs of neighbouring

pixels. We denote f = f f pjp 2 Pg as a particular con�guration of the �eld F . Thus,

probability of a particular con�guration P(f = F ), abbreviated by P(f ), in the joint

event f F1 = f 1; :::; Fm = f m g, givesthe joint distribution

P(f ) = Z � 1 exp

0

@�
X

p2 P

X

q2 N p

Vp;q(f p; f q)

1

A : (2.28)

In general,sincethe �eld F is not directly observable, we have to estimate its realized

con�guration basedon the observation O. This is related to f by meansof the likelihood

function P(Ojf ) via maximum a posteriori (MAP) estimation, which consistsof maxi-

mizing the posterior probability P(f jO). Bayeslaw tells us that the posterior probability

can be represented as

P(f jO) =
P(Ojf )P(f )

P(O)
(2.29)

resulting in the following MAP estimate

P(f jO) / argmax
f 2 F

(P(Ojf )P(f )) : (2.30)

All we require is a model for our likelihood function P(Ojf ), usually given in our model

for sensornoise. Given the observation Op at pixel p, we assumethat

P(Ojf ) /
Y

p2 P

p(Opjf p) (2.31)
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holds when pixel noiseis independent. If we further assumethat

P(Opjf ) = Cp � exp(� Dp(f )) for f 2 L ; (2.32)

whereCp is the normalizing constant and Dp is the data function that modelsthe sensor

noiseof our system,then our likelihood function is

P(Ojf ) / exp

 

�
X

p2 P

Dp(f p)

!

; (2.33)

whereDp(�) is a data function that models the sensornoiseof our system.

Our MAP estimate 2.30now becomes

P(f jO) = argmax
f 2 F

exp

0

@�
X

p2 P

X

q2 N p

Vp;q(f p; f q) �
X

p2 P

Dp(f p)

1

A (2.34)

resulting in the �nal form of the energyequation

E(f ) =
X

p2 P

Dp(f p) +
X

p2 P

X

q2 N p

Vp;q(f p; f q) : (2.35)

2.5.2 The General Form of Energy Functions

Equation 2.35 �ts the form of an energyequation usedin many vision applications

E(f ) = Edata (f ) + �E pr ior (f ) (2.36)

with � controlling the importance of both energies.A smaller � placesmore weight to

the data energyterm while a larger � puts more emphasison the prior energyterm.

The most commonconstraint in vision applicationsis the data constraint, represented

by the data energy term, Edata (f ). Typically, we assigna small cost to labelingscloseto

the data and a large cost to labelings that do not agreewith the data, thereby, �tting

the noisemodel of our imaging system. As is apparent from 2.35 and 2.36, our data

term is

Edata (f ) =
X

p2 P

Dp(f p) : (2.37)
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A commondata energyterm in visual correspondencemodels the di�erence in pixel

intensitiesbetweentwo corresponding pixels in both images.Given corresponding pixels

p and p0 in the primary and secondaryimages,respectively, let I p and I 0
p be their pixel

intensities. Thus, a commondata energyterm usedis (I p � I 0
p)2 when determining the

correctnessof a correspondencematch. However, asis evident from the data energyterm,

unlessthe pixel intensities are quite closein range, the cost of the data term increases

rapidly the more the intensities valuesvary.

Why not use our preconceived ideas of an ideal solution, which we know contains

somestructured patterns, in constraining the results further rather than relying solely

on the data energy?Our prior knowledgemight make somelabelingslikely while others

unlikely. It is this prior knowledgethat is encoded in the prior constraint, represented

by the prior energy term, Epr ior (f ) in 2.35. We assigna heavy cost to the labelings f

which do not �t our prior knowledge.

Designingthe prior energyterm is renderedmore di�cult in that it dependson the

problem at hand. Most vision problemstry to enforcesomespatial constraint, such asa

smoothnessconstraint [16], which ensuresour estimateis smooth everywhere.However, in

such systems,di�culties arisewhenthere is an abrupt change,such asobject boundaries,

thus requiring di�erent smoothnesspriors. Many di�erent kinds of priors exist, but in

this work we concentrate on smoothnesspriors. Therefore, we now refer to the prior

term, Epr ior , as the smoothnessenergyterm, Esmooth (f ).

Smoothnessterms generallymodel the interactions betweena pixel p and its neigh-

bourhood, Np. For the purposeof this paper, it is assumedthat we are using a four

neighbourhood systemillustrated in Figure 2.9 modeling clique pairs rather than quads.

Given this neighbourhood system,the smoothnessenergyterm takesthe form

Epr ior (f ) = Esmooth (f ) =
X

f p;qg2N

Vp;q(f p; f q) (2.38)

whereVp;q(f p; f q) is called the neighbour interaction.
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pa

b

c

d

Figure 2.9: A 4-point neighbourhood systemfor pixel p. p's neighbourhood consistsof
pixels a;b;c;d and is represented as Np = f a;b;c;dg:

In [28], three typesof smoothnesspriors are discussed:(1) everywheresmooth prior;

(2) piecewiseconstant prior; and (3) piecewisesmooth prior. The everywheresmooth

prior (Figure 2.10a) assignslow cost to labelings which are smooth everywhere. Most

imagesequencestend to have discontinuities, creating troubles for this type of approach

where results tend to be over-smoothed around discontinuities. The secondprior, the

piecewiseconstant prior (Figure 2.10b),assignslow cost to labelingswhich consistof one

or several pieceswith constant labels. However, this method is not expressive enough

becausereal data can vary smoothly within each piece. This di�ers from the piecewise

smooth prior (Figure 2.10c),which accounts for this de�ciency. Penaltiesare allowed to

grow up to a maximum penalty, thus ensuringpenalty assignments never grow too large

and allowing discontinuities to occur. Consequently, this approach lendsitself to a wider

rangeof problems.

2.5.3 Multiw ay Cut Form ulation

The simplestsmoothnessprior that allows discontinuities is the piecewiseconstant prior.

This is modeledas

Vp;q(f p; f q) = up;q � � (f p 6= f q) (2.39)
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f p � f q f p � f q f p � f q

0 0 0-1 1

(b) (c)(a)

Vp;q(f p; f q) Vp;q(f p; f q)Vp;q(f p; f q)

Figure 2.10: Graph of Vp;q(f p; f q) for (a) everywheresmooth prior, (b) piecewiseconstant
prior, and (c) piecewisesmooth prior.

where

� (f p 6= f q) =

8
>><

>>:

1 if f (p) 6= f (q);

0 otherwise
(2.40)

and up;q is a constant. This results in the Potts model energyequation

EP (f ) =
X

p2 P

Dp(f p) +
X

f p;qg2N

up;q � � (f p 6= f q) : (2.41)

Accordingto [28,7, 8], minimizing the Potts energyEP (f ) canbesolvedby computing

a minimum cost multiway cut on a certain graph. For example, consider the graph

G = hV; Ei in Figure 2.11(a) with non-negative edgeweights and a set of terminals

L � V. A multiway cut C occurs when a subsetof edgesC � E completely separates

the terminals in the inducedgraph G(C) = hV; E � Ci , asshown in Figure 2.11(b) where

dotted lines indicate the cuts made. This multiway cut problem is a generalizationof

the two-terminal graph cut problem.

To solve this multiway cut problem, we begin by constructing the graph in Fig-

ure 2.11a. Vertices in the graph are the set V = P [ L where the terminals are the

set of possiblelabels L = f l1; l2; :::; lkg, called l-vertices,while the pixels are elements of

P = f 1; :::; p;q; :::; ng, called p-vertices. There are two setsof edges,t-links and n-links.
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(a)

. . . . . .

P1 P2

(b)

w p;q

p q

n-link

t-link

k21k21

P3
t-link

w p;l

Figure 2.11: An exampleof (a) a graph G = hV; Ei with (b) illustrating the induced
graph by a multiway cut C wheredotted lines indicate cut edges.

The latter is the set of edgesconnectingneighbouring pixels, EN , while the former, ET

connectsterminals to p-vertices. Edgeweights for n-links and t-links, respectively, are

wp;q = up;q and (2.42)

wp;l = K p � Dp(l), (2.43)

whereK p is constant that is largeenoughto ensurepositiveweights (i.e. K p > maxDp(l)).

Figure 2.11b demonstratesan induced graph from a multiway cut. The keys to the

graph are that each p-vertex is connectedto at most oneterminal, no two terminals are

directly connectedand there is no direct path betweenany two terminals. Thus, edges

of the graph are E = EN [ ET .

A multiway cut C correspondsto the labeling f C which assignsthe label l to all pixels

p which are t-link ed to the l-vertex in G(C). Therefore,if C is a multiway cut on G, the

cost of the cut is

jCj = EP (f C ) : (2.44)
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The proof lies in the fact that the cost of the cut jCj is the sum of the weights of the

n-links and t-links in C. Given that f C (p) 6= f C (q), the sum of the n-links in C is

X

f p;qg2N

wp;q � � (f C (p) 6= f C (q)) (2.45)

and the sum of the t-links is

X

p2 P

X

l2 L
l6= f C (p)

wp;l =
X

p2 P

X

l2 L
l6= f C (p)

(K p � Dp(l))

=
X

p2 P

X

l2 L
l6= f C (p)

K p �
X

p2 P

X

l2 L
l6= f C (p)

Dp(l)
(2.46)

This can be rewritten as

(jL j � 1)
X

p2 P

K p �
X

p2 P

X

l2 L

Dp(l) +
X

p2 P

Dp(f C (p)) : (2.47)

Note that the �rst two terms are constants since only the last term depends on C.

Therefore,we obtain EP (f C ) from 2.41by adding the cost in 2.45and 2.47.

2.5.4 Multiw ay Cut Minimization

Given the NP-hardnessof the problem [7, 8, 28], an approximated solution is required.

The algorithms presented in this paper generatea cut C such that f C is a local minimum

of the posterior energyfunction in 2.41with respect to very large move spaces.A move

spaceallowsa largenumber of pixelsto changetheir labels. This di�ers from the standard

move spaces,exhibited in algorithms such as simulated annealing [13], where only one

pixel's label changes. Consequently, the algorithm approaches convergenceat a faster

rate.

First, let us de�ne a move space. Given a set of all labelingsF , a moveis a pair of

labelings(f ; f 0) 2 F � F . Therefore,a set of movesM � F � F is called a move space.

If (f ; f 0) � M , then we say that f is within one move from f 0. A labeling is a local

minimum with respect to somemove spaceM if E(f ) � E(f 0) for any (f ; f 0) � M .
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1. Start with an arbitrary labeling f

2. Set success= 0

3. For each possiblemove space

Find f̂ = argmin E(f 0) amongf 0 within onemove spaceof f

if E(f̂ ) < E(f ), set f = f̂ and success= 1

4. If success== 1, go to step 2

5. Return f

Figure 2.12: General outline of the iterativ e algorithms (� -� swap and � -expansion).
Algorithm courtesyof [28].

We focusour attention on two typesof move spacesfor energyminimization: (1) the

alpha-beta swapmove space;and (2) the alpha-expansion move space. The swap move

spaceis indexed by a pair of labels, (� ; � ) � L with the general idea being that that

somepixels labeled � changetheir label to � while somepixels labeled � changetheir

label to � . Meanwhile, the secondmove space,alpha-expansion,is indexed by a single

label � � L . Pixels in the graph are labeled � or �� . The options in this move spaceare

for pixels to retain their current label or to changetheir label to � .

Both iterativ e algorithms arequite similar in structure, assummarizedin Figure 2.12.

The algorithm starts with somearbitrary labeling f and continuessearching for a labeling

f̂ within onemove from f that givesthe lowest energyamongall labelingsf 0 within one

move of f . The greedynature of selectingthe best solution at every cycle(steps2-4) of

the algorithm results in fast convergence.

The di�erence in the two algorithms lies in their approach to graph creation. The

swap algorithm dynamically createsa separatetwo-terminal graph for every possible

label pairing (� ; � ) � L for every iteration (step 3). Each graph is composeda di�ering

number of nodes(pixels), labeled (� or � ), connectedto two terminals, the � terminal

and the � terminal. The result is the creation of jL j2 graphs. However, the expansion
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sink
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t

s s

t

Figure 2.13: Example of (a) a simple binary directed weighted graph with (b) a cut C
on the graph with cut edgesdenotedby dashedlines.

algorithm createsa two-terminal graph for every label � � L at every iteration. The

nodesare labeled� or �� , resulting in jL j graphs. For further details of the graph creation

process,seeSection3.

2.6 Maxim um Flo w

In the previous section, we focusedon the creation of directed weighted graphs from

energyfunctionals of the form

E(L) =
X

p2 P

Dp(Lp) +
X

f p;qg2N

Vp;q(Lp; Lq) (2.48)

where L = f Lpjp 2 Pg is a labeling of image P, Dp(�) is a data penalty function, Vp;q

is an interaction potential, and N is a set of all pairs of neighbouring pixels. We will

concentrate on the caseof graphswith two terminals, the sources and sink t, illustrated

in the simple exampleof Figure 2.13.
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The desireds=t cut C partitions the nodesin the graph into two disjoint subsetsS,

containing the sources, and T containing the sink t. The cost of the cut C = f S;Tg is

the sum of the costsof the edgesalong the border betweenS and T with edgeweights

calculated according to the move spaceimplemented, either � -� swap or � -expansion

(discussedin further detail in Chapter 3). Finding a cut that has the minimum cost

amongall possiblecuts is known as the minimum cut problem.

A solution to the minimum cut problem can be likenedto �nding a maximum 
ow

from the source to the sink. The idea of maximum 
o w is analogousto �nding the

maximum amount of allowable water 
o w passingthrough a network of pipes,with pipe

capacitiesequal to the edgeweights, from the sourceto the sink. The theorem in [11]

statesthat a maximum 
o w from s to t saturatesa set of edgesin the graph, dividing the

nodesinto two disjoint parts f S;Tg corresponding to a minimum cut, thereby creating a

\dualit y" relationship betweenmaximum 
o w and minimum cut. Therefore, the cut in

Figure 2.13correspondsto an assignment of pixels (nodes)to labels(terminals), creating

a labeling with the energyminimized.

In general,maximum 
o w algorithms can be classedinto two groups: (1) push-relabel

methods and (2) augmentingpaths algorithms [25]. Push-relabel algorithms work in a

more localizedmanner than augmenting path algorithms by working on onevertex at a

time, looking only at the neighbours in the residual network. The key to the algorithm

is the height function of all verticesin the graph. Initially , the source'sheight is equal to

the number of vertices,while the sink is assigneda height of zero. Flow passesthrough

the graph, from the sourceto the sink, in a downhill fashion,with excess
o w gathering

in each node's reservoir. If a node can no longerpassexcess
o w to nodesdownhill from

it, the node is reassigneda height equal to its highest neighbouring node plus one. The

processcontinues until undeliverable 
o w drains back to the source,meaning that the

sourceand sink have beenseparatedby saturated edges.The saturated edgessignify the

minimum cut necessaryon the graph.
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On the other hand, augmenting path algorithms work on the entire network for max-

imum 
o w and depend on three important ideas: residual networks, augmenting paths,

and cuts. Thesealgorithms are iterativ e and begin with no 
o w. At each iteration, the


o w is increasedby �nding an augmenting path from the sourceto the sink along which

we can sendmore 
o w. We then augment the 
o w along this path, saturating edgesas

we go. This processis repeated until no further augmenting path exists, yielding the

maximum 
o w.

2.7 Literature Review

Stereocorrespondenceand motion analysishave long beencentral research problemsin

computer vision, producing a large expanseof research. With most of the work being

placed on either method separately, it becomesdi�cult to gaugethe progressof the

�eld. Previoussurveyson stereovision [23] and optical 
o w [1] provide a good jumping-

o� point for an understandingof the algorithms alreadycreated,but little hasbeendone

to reviewrecent research that incorporatesboth methods. It is the purposeof this section

to provide an evaluation of thesefusedtechniques.

Motivated by modern applicationssuch asview synthesisand image-basedrendering

that requiredisparity estimatesin all regions,including occludedand untextured regions,

we focus our attention on densemethods for visual correspondence. We begin with a

discussionof the keyresearch in motion analysisandstereovision, followedby a discussion

of graph cuts. Finally, we survey previous techniques that have combined both stereo

and motion.

2.7.1 Stereo and Motion

In sections2.3 and 2.4, we showed that stereoand motion handlesimilar problemswith

motion viewed as a generalizationof stereo. Motion performs a two-dimensionalsearch
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for correspondencewhile stereo searches in one dimension given recti�ed image pairs.

Therefore, we treat them as one and the sameproblem and provide a review on stereo

and motion methods asa whole.

There are two main classesof stereoand motion methods: (1) local methods; and

(2) global methods. Local methods, often called window-basedmethods or correlation-

basedmethods, �nd the optimal displacement of a �xed sizedregionbetweentwo consec-

utive frames. Typically, thesemethods compareintensities within the region according

to somelikenessmeasure,assumea certain motion model, and selectthe best choice in

a greedyfashion. The main obstaclesfor local methods lie in the choiceof window size

and the assumptionas to which motion model to incorporate over the region. Shiftable

windows [4] and windows with adaptive sizes[21] are commontechniquesfor varying the

window size. In perhapsthe most well known local method, Lucasand Kanade[20]usea

local constant motion model for the optical 
o w and determinea weighted least squares

solution.

Global methods provide greater accuracycomparedto local methods, but have the

disadvantage of creating a higher computation cost. Generally, they formulate a global

energyfunction composedof a data term and a smoothnessterm.

E(d) = Edata (d) + �E smooth (d): (2.49)

Measuring the agreement between the disparity function d and the input image pair is

encoded in the data term, Edata (d). Meanwhile, the smoothnessassumptionsmade by

the algorithm are embedded in the smoothnessterm, Esmooth (d), which is made more

tractable by restricting the smoothnessterm to only neighbouring pixels. In regularisa-

tion techniques[16], Horn and Schunck are able to overcomethe aperture problem but

then encounter problemsat object boundaries.Brox et al.[24] handle object boundaries

by employing robust estimators,developed by Black and Anandan [3], on both the data

and smoothnessterms oftheir global energyfunction. This is the current state of the art

in optical 
o w computation. Other global methodsusedi�ering methods to minimize the
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global energyfunction. Somemethods are simulated annealing[13], highest con�dence

�rst [10] and mean-�eld annealing[12].

In recent research, a promising method for global energyminimization has beende-

veloped, called graph cuts. Graph cuts, in cooperation with maximum 
o w techniques,

provides a graph-basedmethod for energyminimization [6, 7, 8, 5, 18, 28] that is more

e�cien t than simulated annealing [13]. They handle discontinuities quite well, while

achieving 98%accuracyon real data with ground truth.

2.7.2 Com bining Stereo and Motion

For the past twenty years[30], research hasbeenperformedon incorporating both stereo

and motion. This combined stereo-motionframework is basedon four imagesof a stereo

sequence,which are two stereoimagepairs separatedtemporally. We refer to this type

of framework ascombined stereo-motion.

Most of the work to date focusedon sparseimagefeatures. Oneapproach to combined

stereo-motionis to usean iterativ e method on a sparsesetof features. Wangand Duncan

[29] iterativ ely separatedthe dominant motion in the input set until they wereleft with a

setof outliers, thereby separatingthe motionspresent in the stereosequenceinto separate

layers. They were able to attain sub-pixel accuracy of disparity estimates, absolute

structure and rigid body motions without a scalefactor ambiguity. Another approach is

to usea probabilistic framework to disambiguate feature correspondences.Ho and Pong

[15], useda probabilistic method with relaxation labeling to integrate the four imagesin

the combined stereo-motionframework. They were able to obtain optical 
o w vectors

for their set of sparsefeatureswith lesssensitivity towards noisethan previousmethods.

In contrast, densemethods for combined stereo-motionprovide a disparity estimate

value for every pixel. Someapproaches use an iterativ e method to segment the image

[29] into regionsof motion. By assuminga single dominant motion in a data set, they

determine the dominant motion and view everything elseas outliers. Another approach
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is to usebatch computation on the wholestereoimagesequence[31] and [27](scene
o w).

This approach bene�ts from the temporal knowledgeof the whole sequencesimplifying

correspondence. However, both methods are heavily reliant on the computation of op-

tic 
o w and thusly, they inherit all optic 
o w computation problems. A probabilistic

framework [17]providesanother approach for combined stereo-motion.By incorporating

a single coherent probabilistic framework on four images,they are able to incorporate

random variables for occlusionsand discontinuities. The downside to their approach is

the high computational cost involved.

The key problem with all combined stereo-motion methods is that they are more

computationally expensive than computing stereo or motion separately. This is even

more pronouncedfor the densemethods consideringcorrespondencemust be performed

on every pixel for all four images.

2.8 Summary

This chapter introducesthe conceptsof motion and stereoin computer vision. Motion

studiesthe changesin the spatial and temporal domainsin an imagesequenceto recover

a two-dimensionalmotion �eld calledoptic 
o w. We make the assumptionthat a pixel's

intensity value remains constant while in motion, known as the Brightness Constancy

Constraint (BCC). Problems arise due to the Aperture Problem, the optical 
o w not

coinciding with the motion �eld, violations of the BCC equation, lighting conditions,

object surfacecharacteristicsand occlusions.

Stereo vision usessceneand camerageometry to infer the depth to objects. This

is donethrough the processof triangulation, given multiple imagesand known intrinsic

and extrinsic parameters.Given recti�ed images,the correspondenceproblem becomesa

one-dimensionalsearch along the scanline.Finding corresponding points for every point
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in the image,we obtain a densedisparity map, which helpsinfer distancefrom its inverse

relationship with disparity.

Both stereoand motion have local and global methods. Onesuccessfulglobal method

is graph cuts, a graph-basedenergyminimisation technique basedon a Bayesianframe-

work. Its energyfunction is the sum of a data energyfunction and a smoothnessenergy

function. The data energyfunction encodesthe constraints of the data, while the smooth-

nessenergyfunction encodesthe smoothnessassumptionsmadeby the algorithm. Min-

imising the energyfunction is equivalent to �nding a multiway cut on the graph. To �nd

this cut, maximum 
o ws techniquesare employed. In Chapter 3, we provide a detailed

description of the designof a multi-resolution graph cuts algorithm for stereo-motion.



Chapter 3

Multi-Resolution Graph Cuts

(MR GC) for Stereo-Motion

This chapter describes the implementation of a multi-resolution graph cuts (MRGC)

method that usescombined stereo and motion constraints for visual correspondence.

In Section 3.1, we begin with an analysis of existing graph cuts methods for stereo,

identifying areasfor improvement. This will allow for an explanation of the changes

neededto the graph cuts framework to allow for motion estimation (Section 3.2).

Understanding the designdecisionsnecessaryto successfullyimplement graph cuts

for stereoand motion separately, we present a novel framework to extend the original

graph cuts technique to apply combined stereoand motion constraints (Section3.3). We

will provide a high-level overview of the systemin Section3.4, with a break down of the

necessarystagesin Sections3.5,3.6and3.7. Finally, wedescribethreepossiblealgorithms

under the graph cuts framework to computevisual correspondenceusingcombined stereo

and motion constraints (Section 3.8). They are (1) Label Neighbourhood Restricted

Multi-Resolution Graph Cuts (LDNR), (2) Expanding Label Neighbourhood at Every

Iteration Multi-Resolution Graph Cuts (EL) and (3) Swap All Combinations of LDNR

(SAC).

35
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3.1 Stereo Vision Using Graph Cuts

In this section, we analyze the original graph cuts technique for stereo [6, 7, 8, 5, 18,

28]. We begin with a desciption of the energy function used. This energy function is

establishedin the generalform of an energyequation usedin computer vision as

E(f ) = Edata (f ) + �E pr ior (f ) (3.1)

wheref is a labeling of the image. Next, we look at the designof the data term Edata (f ),

noting that it is lesssensitive to imagesampling. Lastly, weexaminethe smoothnessterm

Esmooth (f ) (weighted by � ), paying attention to its formulation asa metric or semi-metric

and the e�ect that this hason the choiceof graph building algorithm to use.

As we will see,the formulation of both the data term and smoothnessare the two

key factors for a successfulimplementation of the original graph cuts technique.

3.1.1 The Data Term

The data term Edata in the energyfunction evaluatesthe level of correspondencebetween

valuesin the input imagepair. In the original graph-cuts-stereosystem,two key design

decisionsweremadeto improve the system:

1. Recti�ed stereoimagesequenceswereassumed.This reducedthe search for stereo

correspondencefrom a two-dimensionalsearch to a one-dimensionalsearch along

the horizontal scanlinesof an image, increasingthe speedof the system.

2. The system was made lesssensitive to image sampling e�ects of camerasensors.

This improved the accuracyof the systembut had a negative e�ect of increasing

the computational expenseof the system.

Making the systeminsensitive to image sampling [2, 28] a�ected the formulation of

the data term. Depending on the discretisation processof the di�ering cameras,pixel
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intensity 250 intensity 250intensity 50intensity 50

pixel p pixel q

(a) (b)

Figure 3.1: Example of the discretisation of an image in (a) the left imageand (b) the
right image. Corresponding pixels p and q get di�ering intensities even if there is no
cameranoise.

intensities could vary greatly; for example, if a pixel were located along the border of

a scenepatch with a high intensity gradient. Figure 3.1 shows this sampling e�ect if a

point p (in Figure 3.1a) corresponds to point q (in Figure 3.1b). There are two regions

with intensity valuesof 50 and 250. Pixel p overlaps the regionsequally giving a pixel

intensity value of 150. Meanwhile, pixel q composesa quarter of the surfacepatch with

intensity value 50 with the rest lying in the region with intensity value 250 resulting in

a pixel intensity value of 200. The corresponding pixels' intensity valuesdi�er by 50; a

value too large to be accountable due to cameranoise.

Since the search is one-dimensional,measurements of how well p �ts into the real

valued rangeof disparities (d � 1
2 ; d + 1

2) are found, as illustrated in Figure 3.2.

Cf wd(p;d) = min
d� 1

2 � x � d+ 1
2

jI p � I 0
p+ x j :

p + x stands for a pixel which has coordinates of p shifted by disparity x. I 0 represents

intensities in the right image. Fractional valuesI 0
p+ x are obtained by linear interpolation

betweendiscretepixel values. For symmetry,

Cr ev(p;d) = min
p� 1

2 � x � p+ 1
2

jI x � I 0
p+ dj :
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p p+d-1 p+d p+d+1

d

Left Right

Figure 3.2: Insensitivity to imagesampling for stereograph cuts method wherepixel p
in the left imagecorresponds to pixel p + ~d in the right image.

Cf wd(p;d) can be computedwith the following simple formulas which require a few com-

parisons:

L = min
�

I 0
p+ d;

I 0
p+ d+1 + I 0

p+ d

2
;
I 0

p+ d� 1 + I 0
p+ d

2

�

U = max
�

I 0
p+ d;

I 0
p+ d+1 + I 0

p+ d

2
;
I 0

p+ d� 1 + I 0
p+ d

2

�

Cf wd(p;d) = maxf 0; I p � U;L � I pg

Cr ev(p;d) can be computedsimilarly. Thus, a singledata term is

D(p;d) = (minf Cf wd(p;d); Cr ev(p;d); constg)2 : (3.2)

whereconst is a constant value that ensuresrobustness.

Even with the presenceof the small negative e�ect of an increasein computation

time, both designdecisionsare retained in this thesis.

3.1.2 The Smoothness Term

The original graph cuts for stereo algorithm chosea piecewiseconstant prior as their

smoothnessterm Esmooth . Formally, given one-dimensionalstereodisparity labelsd1 and

d2, the smoothnessterm is de�ned as

Vp;q(d1; d2) = up;q � (1 � � (d1 � d2)) (3.3)
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where

up;q = U(jI p � I qj) =

8
>><

>>:

2K if jI p � I qj � � I

K if jI p � I qj > � I

(3.4)

with K as our penalty constant and � I as our intensity di�erence threshold. � I is found

experimentally with the optimal setting to 5. This function satis�es the three properties

of a metric [8], formally de�ned as

Vp;q(� ; � ) = 0 $ � = � [indiscernible]

Vp;q(� ; � ) = Vp;q(� ; � ) � 0 [symmetry]

Vp;q(� ; � ) � Vp;q(� ; 
 ) + Vp;q(
 ; � ) [triangle inequality]

(3.5)

This allows the bene�t of using the � -expansionalgorithm to �nd a local minimum.

There are many bene�ts to using the � -expansionalgorithm. First, there is a guar-

antee that this local minimum found is within a known factor of the global minimum.

Second,this algorithm is O(mn) where m is the number of nodes(pixels) and n is the

number of labels (disparities). This accounts for a constant computation time per iter-

ation (step 3 of Figure 2.12) given that the number of nodes in the graph are always

constant.

However, this fact also leads to one downside of the approach. This algorithm it

limited by the size of the imagesused and by the size of the disparity range. If we

wish to have a larger disparity rangecomputation time increases.Another problem with

this algorithm is that it cannot handlemore generalcasesof a smoothnessfunction. For

example,� -expansionis not appropriate in caseswherethe smoothnessfunction becomes

a semi-metric (satis�es only properties 1 and 2 from Equation 3.5).

3.2 Motion Estimation Using Graph Cuts

The big di�erence betweenstereocorrespondenceusinggraphcuts and motion estimation

using graph cuts is that disparities are now two-dimensional. This addition of an extra
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Figure 3.3: Image sampling insensitivity for (a) our motion graph cuts method and (b)
the original graph cuts method wherepixel p in the left imagecorrespondsto pixel p+ ~d
in the right image.

dimensionto the search spacehas large e�ects on the formulation of both the data and

smoothnessterms, as explainedin the following subsections.

3.2.1 The Data Term

The data term is formulated in the samemanner as the stereoalgorithm in that it is

insensitive to image sampling. However, this insensitivity is now over two-dimensions

rather than a single dimension. Our implementation di�ers slightly from [8, 28]. We

calculate insensitivity over the four neighbourhood system of a pixel (Figure 3.3 a) as

opposedto the neighbouring lower right four pixel grouping of a pixel (Figure 3.3 b).
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Given the two-dimensionaldisparity ~d = [dh; dv]T for pixel p, we begin by measuring

how well p �ts into the two-dimensionalrangeof disparities(dx
p � 1

2 ; dx
p+ 1

2)� (dy
p � 1

2; dy
p+ 1

2).

Cf wd(p;d) = min
dx

p � 1
2 � x � dx

p + 1
2 ; dy

p � 1
2 � y� dy

p + 1
2

jI p � I 0
p+( x;y ) j

wheresuperscript h and v denotehorizontal and vertical components, respectively. We

get fractional values I 0
p+( x;y ) by linear interpolation between discrete pixel values. For

symmetry, we alsomeasure

Cr ev(p;d) = min
p� 1

2 � x � p+ 1
2 ; p� 1

2 � y� p+ 1
2

jI x � I 0
p+ ~d

j :

Cr ev(p;d) can be computedwith a few comparisons:

L = min f I p; A1; A2; A3; A4; A5g

U = maxf I p; A1; A2; A3; A4; A5g

where

A1 =
I p + I p+( � 1;0)

2 A2 =
I p + I p+(1 ;0)

2 A3 =
I p + I p+(0 ; � 1)

2 A4 =
I p+ I p+(0 ;1)

2

A5 =
I p + I p+( � 1;0) + I p+(1 ;0) + I p+(0 ;� 1) + I p+(0 ;1)

5
:

Therefore,

Cr ev(p;d) = maxf 0; I 0
p+ d � U;L � I 0

p+ dg

Cf wd(p;d) can be computedsimilarly.

3.2.2 The Smoothness Term

The smoothnessterm chosenfor motion estimation usinggraph cuts is that of a piecewise

smooth prior. Formally, the interaction functional is

Vmot p;q (dp; dq) = � min(const;(dh
p � dh

q)2 + (dv
p � dv

q)2) (3.6)
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whereconst causesrobustness,� restricts the in
uence of the smoothnessterm and the

superscript terms v and h denotethe vertical and horizontal components of the motion

vector, respectively.

This smoothnessequationdoesnot satisfy the triangle inequality property of 3.5 and

assuch, is a semi-metric. This forcesus to utilize the more general� -� swap algorithm.

The swap algorithm is O(mn2) wherem is the number of nodes(pixels) and n is the

number of labels (disparities). At every iteration (step 3 of Figure 2.12), the number

of graphsbuilt is n2 with each graph having a variable number of nodesbecausepixels

labeled � or � make up the nodesrather than all the pixels in the image. As a result,

computation time increases.Moreover, this algorithm no longerguaranteesthat the local

minimum found is within a known factor of the global minimum, a�ecting accuracy.

3.3 Extending Graph Cuts to Use Com bined Stereo

and Motion Constrain ts

Combining both stereoand motion constraints providestighter constraints on the system

than either stereoor motion constraints usedseparately. In turn, this should have the

desirede�ect of improving accuracy. Assuming the input to the systemconsistsof four

recti�ed images: L t , Rt , L t+1 , Rt+1 . These are, respectively, the left and right stereo

pairs at time t and t + 1 of a stereovideo sequence.

Refer to Figure 3.4 where we establishLeftt as our referenceframe. A point in our

referenceframe pL t is related to its corresponding points in the other imagesby the

following four relationships

pL t + dt = pR t for stereopair at time t

pL t + ~dL = pL t +1 for motion left pair

pL t +1 + dt+1 = pR t +1 for stereopair at time t + 1

pR t + ~dR = pR t +1 for motion right pair

(3.7)
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dt +1

dt

pL t pR t

pL t +1

~dL ~dR

Leftt+1 Rightt+1

Leftt Rightt

pR t +1

Figure 3.4: Example of two stereoimagepairs ((L t ; Rt ) and (L t+1 ; Rt+1 )) at times t and
t + 1, respectively. A point pL t in the referenceframe Leftt is related to its corresponding
points in the other imagesvia establisheddisparity valuesdt , dt+1 , ~dL and ~dR for stereo
pairs at time t, t + 1, left-motion imagepairs, and right-motion imagepairs, respectively.

wheredisparity valuesdt , dt+1 , ~dL and ~dR arestereopairsat time t, t+ 1, left-motion image

pairs, and right-motion image pairs, respectively. Thus, we can impose the following

circular combined stereo-motion constraint.

0 = dt + ~dR � dt+1 � ~dL : (3.8)

This combined set of disparities (2 stereoand 2 motion) createsa large label set. The

number of labels is now equivalent to

jL j = stx � stx � (motx � moty) � (motx � moty) (3.9)

wherestx denotesthe number of possiblelabels for stereocomputation in the horizontal

direction andmotx andmoty arethe possiblenumber of labelsfor motion in the horizontal

and vertical directions, respectively. The j � j notation signi�es the number of elements

in the label set rather the absolutevalue function.

To index into this large six-dimensionalset of labels, we have createda set of super-

labels. This new set of labels constitutes a combination of the four possibledisparities
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as

f = f f dt ; f dt +1 ; ~f dL ; ~f dR g (3.10)

where the superscript denotesthe type of disparity. However, it is worth noting that

given recti�ed images,it is possibleto reduce this down to �v e dimensions. Once we

obtain the vertical direction in one motion pair, we assumethat the other motion pair

has the samevertical disparity. This would reducethe number of labels to

jL j = stx � stx � (motx � moty) � (motx ) : (3.11)

3.3.1 The Data Term

Adhering to the combined stereo-motionconstraint, we require two stereoestimations

and two motion estimations when choosing a data term for the global energyfunction.

As a result, it was only natural to combine the previous data term equationsfor graph

cuts calculation for stereo(from Section3.1.1)or motion (from Section3.2.1). The stereo

terms are Cst (pL t ; f dt
p ) and Cst (pL t +1 ; f dt +1

p ), and the motion terms are Cmot (pL t ; f ~dL
p ) and

Cmot (pR t ; f ~dR
p ), Our resulting data term for pixel p givenlabel f p is formulated in a similar

fashion to a L2 norm.

Dp(f p) = Dp(f dt
p ; f dt +1

p ; f
~dL
p ; f

~dR
p ) = min(� D cutof f ; A) (3.12)

where

A =
q

Cst (pL t ; f dt
p )2 + Cmot (pR t ; f

~dR
p )2 + Cst (pL t +1 ; f dt +1

p )2 + Cmot (pL t ; f
~dL
p )2

and � D cutof f is a constant usedto make the data term robust to outliers.

3.3.2 The Smoothness Term

We formulate the smoothnessterm Esmooth (f ) in our energy function 3.1 in a similar

mannerto what wasdonewith the data term. Implementing our stereo-motionconstraint
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in our smoothnessterm, we arrive at

Vp;q(f p; f q) = � min(� Scutof f ; B ) (3.13)

where

B =
q

Vst (f dt
p ; f dt

q )2 + Vmot (f
~dR
p ; f

~dR
q )2 + Vmot (f

~dL
p ; f

~dL
q )2 + Vst (f

dt +1
p ; f dt +1

q )2 : (3.14)

The constant � Scutof f performsthe samefunction asin the data term; providing robustness

to outliers, while the � term weights the in
uence of the smoothnessterm. The stereo

interaction functions Vst (f dt
p ; f dt

q ) and Vst (f dt +1
p ; f dt +1

q ) are described in Equations3.3 and

3.4 without the presenceof their respective � terms. The motion interaction functions

are taken from Equation 3.6.

3.3.3 The Complete Energy Function

Wecombineboth the data energyterm and the smoothnessenergyterm from the previous

two subsectionsto obtain the global energyfunctional for combined stereo-motion. We

represent this energyfunctional as

E(f p) = Edata (f ) + Esmooth (f )

=
X

p2 P

Dp(f p) +
X

p;q2 N

Vp;q(f p; f q) :
(3.15)

3.4 System Overview

In this section,we present a brief overview of the proposedmulti-resolution graph cuts

using stereo-motionconstraints systemfor visual correspondence.Figure 3.5 shows the

high-level design of the system. Initially , input imagesenter the system at the Pre-

Processingstage,which is designedto perform systeminitialisation. It receivesthe input

imagesand ensuresthey are the samesize, sets up logging functionality, loads input

parametersfrom a scripting �le and determinesthe number of possiblelabelsin the label

set.
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Pre-pro cessing

Use multiscale? Image Pyramid

Move Space

Upsampling and

Disparit y Propagation

Lev el = �nest

level?

Post-pro cessing

YES

NO

NO

YES

Figure 3.5: Flow diagram of multi-resolution graph cuts using stereo-motionconstraints
system.

Following the Pre-Processingstageare the key modulesof the system. Thesestages

deal with the implementation of the multi-resolution and graph cuts portions of the

system. First is the Image Pyramid stage, which handles the creation of the input

imagepyramids. Secondis the Move Space stagewhich builds the graphsthat we �nd a

minimum cut of. Finally, we perform an Upsamplingand Disparity Propagation stageto

upsampleresulting disparity mapsso that they help seedthe next levelsof the pyramid.

On the back end of the system, the Post-Processingstagehandlesall functions re-

quired for systemshut down and results related activities. Resulting disparity mapsand

imagepyramids are saved, while all parametersare reset for next set of tests.
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l0 Finest

Level

Coarsest

Original Image

lmax

Figure 3.6: Exampleof an imagepyramid. Level 0 is the original imageat the �nest scale,
while lm ax is the coarsestscale. Each level of the image is a blurred and downsampled
versionof the imageat the previous level.

3.5 Image Pyramid Stage

The ImagePyramid stagecomputesGaussianPyramids of an imageasdepictedin Figure

3.6. The original image is at the bottom of the pyramid, at level l0. Each level of the

pyramid represents a blurred and downsampledversion of the image below it. We use

a two-dimensionalGaussian�lter, where advantage is taken of separability to enhance

performanceand to avoid aliasing.

Given a chosensampling factor of 2, we require a Gaussian�lter with a minimum

radius of 2. In all our cases,we chosea � of 2, resulting in a �lter radius of 6. This

ensuresthat no aliasing will occur in the image,giving the desiredsmoothing e�ect.

3.6 Mo ve Space Stage

The Move Space stagebuilds many two-terminal graph structures that are minimized

using a maximum 
o w algorithm attempting to �nd the con�guration with the lowest

amount of energy among all the possible labelings (Sections2.5 and 2.6). Each two-

terminal graph G = < V; E > , with terminals � and � , contains a set of nodes S =
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p q r s t

t �
p

ep;q

t �
p

�

�

Figure 3.7: Example structure for a one-dimensionaltwo-terminal graph G with a set of
pixels p, q, r , s and t. Neighbouring pixels p and q are connectedwith a n-link ep;q. Pixel
p is connectedto the terminals with t-links t �

p and t �
p .

f pjf p 2 � ; � g that represent imagepixels. Thus, the set of vertices is

V = f � ; � g [ S : (3.16)

Edgesin the graph are either t-links or n-links. t-links connectpixels p to terminals

� and � and are represented as t �
p and t �

p , respectively. n-links ep;q connectneighbouring

pixel pairs p and q (i.e. f p;qg 2 N ). Thus, the set of edgesis

E =

 
[

p2 S

f t �
p ; t �

pg

!

[

0

B
B
@

[

f p;qg2N
p;q2 S

ep;q

1

C
C
A : (3.17)

An exampleof a one-dimensionalgraph, for the sake of legibility, is given in Figure 3.7.

3.6.1 Graph Building

Building the graph requires assigningweights to the edges. This process,however, is

dependent on the structure of the smoothnessterm Esmooth . If the smoothnessterm

is a metric, we can perform the � -expansionalgorithm. On the other hand, if it is a

semi-metric,we usethe � -� swap algorithm to assignedgeweights.
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Expansion Algorithm

The expansionalgorithm graphs contain two terminals, � and �� . Therefore, the

number of nodesin the graph corresponds to the number of pixels in the image. In the

original paperson graph cuts [8, 28], the edgeweights are assignedby inserting auxiliary

nodes between neighbouring pixels containing di�erent labels. These auxiliary nodes

were later removed in [18] through a reformulation of the equations.

The idea behind the algorithm is that pixels are labeled as either � or �� . After

�nding the minimum cut on the graph, pixels will either retain their previous labels or

will changetheir label to � , whichever gives the least amount of energyin terms of the

energy function. Since labels are only � or �� , the algorithm need only pass through

the label set once,determining the label con�guration with the least amount of energy.

Hence,the algorithm is O(mn), wherem is the number of pixels and n is the number of

labels.

Swap Algorithm

Due to the semi-metricnature of the motion and combined stereo-motionsmoothness

terms discussedin Sections3.2.2 and 3.3.2, we focus our attention on the � -� swap

algorithm. Terminals in the graph are � or � . Only pixels labeled � or � make up the

nodesin the graph. Therefore,a variable number of nodesare contained in each graph.

Edgeweights are assignedaccordingto Table 3.1.

The ideabehind the algorithm is that pixelsare labeledaseither � or � . After �nding

the minimum cut on the graph, pixels will either retain their previouslabelsor will swap

their label to the other label, whichever givesthe least amount of energyin terms of the

energyfunction. In this manner,we needto computeevery unique label combination in

the label set. That way, the algorithm is O(mn2), wherem is the number of pixels and

n is the number of labels.
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edge weight for

t �
p Dp(� ) +

P
q2 N p
q62S

Vp;q(� ; f q) p 2 S

t �
p Dp(� ) +

P
q2 N p
q62S

Vp;q(� ; f q) p 2 S

ep;q Vp;q(� ; � )
f p;qg 2 N

p;q 2 S

Table3.1: Edgeweight assignments for the � -� swap algorithm. (Reproducedfrom [28].)

3.6.2 Minimizing the Energy Function

In [5] they present a new algorithm which improves upon the performanceof standard

augmenting path techniques. Previous augmenting path algorithms usea breadth-�rst

search when all paths of a given length are exhausted,requiring the construction of a

new search tree. This processinvolvesscanningthe majorit y of the pixels in the image,

becomingcomputationally expensive when repeatednumeroustimes.

The new algorithm solves this problem by building two search trees, one from the

sourceand another from the sink, and reusingthem. They arenever rebuilt from scratch.

The result is an algorithm that is several times faster in all applicationswheregraphsare

2D grids. However, this algorithm is not without its shortcomings.There is no guarantee

that the augmenting paths found are necessarilythe shortest ones.

The ideabehind the algorithm is to maintain two search treesof nodesinterconnected

by edgesin order to �nd an augmented path AP from the sourcetree's root node to the

sink tree's root node, as illustrated in Figure 3.8. The two search trees S and T begin

with their root nodesat the sources and sink t, respectively. In tree S all edgesfrom

the parent node to its children are non-saturated,while in tree T edgesfrom children to

their parents are non-saturated.

The algorithm allows for three typesof nodes: (1) free, (2) active A, and (3) passive

P nodes. Nodesthat are not in tree S or T are free nodes. Active nodesare the border
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Figure 3.8: Exampleof the search treesS (light grey) and T (dark grey) containing active
A and passive P nodes. All remaining nodes,free nodes,are empty (white) nodes. The
resulting augmenting path P found is in black. (Reproducedfrom [5].)

nodes of each tree that allow tree growth by acquiring new children from a set of free

nodes. Passive nodesare the internal nodesthat were previously active nodes.

The improved augmenting path algorithm is summarizedin Figure 3.9. This algo-

rithm iterativ ely processesthree stages:(1) growth, (2) augmentation and (3) adoption

stages. During the growth stage,both trees try to grow by acquiring nodes from a set

of free nodes. A tree's set of active nodesexploresadjacent non-saturatededgesacquir-

ing new children from the set of free nodes, which becomeactive nodes. After having

exploredall neighbouring nodes,an active node becomespassive, indicating an inabilit y

to grow further. The growth stageterminates when an active node encounters an active

node from the other tree, signifying the creation of an augmenting path AP .

The augmentation stage augments the path found with the largest 
o w possible,

sometimescreating saturated edgesand subsequently orphan nodes. Meanwhile, the

adoption stage �nds parents for each orphan, ensuring that the parent be connected

through a non-saturated edgeand belong to the sametree as the orphan. If we are

unable to �nd a parent node, the orphan node becomesa free node. This stage ends

when there are no more orphan nodes.
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initialize S = s;T = t; A = f s; tg; O = 0

WHILE true

grow S or T to �nd an augmenting path AP from s to t

IF no more tree growth possible,terminate

augmen t path AP

adopt orphansin O

END while

Figure 3.9: Outline of the improved augmenting path algorithm. (Reproducedfrom [5].)

The algorithm runs until the search trees S and T can no longer grow, indicated by

no more active nodes,and the treesare separatedby saturated edges.This is the point

where maximum 
o w is reached. The resulting minimum cut is the border between S

and T whereall edgesare saturated.

3.7 Upsampling and Disparit y Propagation Stage

For the multi-resolution algorithm to work properly, disparity maps must propagate

betweenlevelsof the pyramid. Thesedisparity mapsseedthe next level of the pyramid,

thereby giving a good initialisation point for the algorithm. Going from a coarserlevel to

a �ner level of the pyramid, upsamplingtakesevery pixel p and createsN � N pixels, as

depicted in Figure 3.7. The disparity valuesfor the pixels with known disparities at the

coarserscaleare multiplied by the sampling factor used. However, there is a large set of

N � N � 1 newpixels that have no known label. Typically, algorithms perform sometype

of linear or bilinear interpolation is doneon the labelsbetweenpixelswith known labelsto

better approximate the values. However, this processaddsan unnecessarycomputational

expenseto the systemgiven that the disparity map is generallypiecewiseconstant and
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Figure 3.10: Upsamplingfrom a �ner level l i to a coarserlevel l i � 1 of the pyramid. Pixels
with known labels at l i are multiplied by the sampling factor k = 2 to determine the
labelsat l i � 1. Pixels with unknown labelsare in grey. Thesepixels are assignedthe same
label as their neighbour pixel that originated from the samegroup.

that graph cuts algorithm alreadycomputesall label combinations. Consequently, pixels

with unknown labels are assignedthe label of the pixel that they were upsampledfrom.

3.8 Various Multi-Resolution Graph Cuts (MR GC)

Algorithms For Stereo-Motion

As is commonin most stereoalgorithms, there is a trade-o� betweencomputation time

and accuracy. Imposing tighter constraints on the systemand increasingthe number of

possibledisparities are ways to improve accuracy. However, in the graph cuts framework

this changecausesthe undesirablee�ect of increasingcomputation time. Inversely, com-

puting on smaller label setsor reducing the number of pixels in the image are ways to

reducecomputation time but also reducesystemaccuracy. The balancebetween these

two factors is an important designconsiderationwhen developing an algorithm.

Each algorithm in this section is a multi-resolution graph cuts (MRGC) algorithm.

The bene�ts of a multi-resolution approach to graph cuts are:



Chapter 3. Mul ti-Resolution Graph Cuts (MR GC) f or Stereo-Motion 54

1. Reduced number of pixels : The imagedimensionsare reducedby the sampling

factor k at each level of the pyramid. This results in the number of pixels being

reducedby a factor of k2.

2. Reduced number of lab els: Each dimensionof the disparity rangeis reducedby

the sampling factor k at each level of the pyramid. Consequently, for imagepairs,

the number of stereolabelsdecreasesby k labelsat each level of the pyramid, while

the number of motion labelsdecreasesby k2.Thus, using our four imageset of two

stereo-motionimagepairs, the number of labelsdecreasesby k6.

3. Impro ved computation time : Sinceeach level has a smaller number of pixels

and labels, convergenceat each level is faster. Similarly, the disparity maps found

at each level of the pyramid allow initialisation of the next level's label con�guration

closerto that level's optimal minimum, resulting in the samee�ect. By the time

we reach the �nest level of the pyramid, the con�guration is closerto the overall

globalminimum than the normal graphcuts initialisation for stereo-motionmethod.

Therefore,we reach convergenceat a faster rate, reducingcomputation time in the

process.

The general form of the multi-resolution approach is described in Listing 1, called

the LevelSeeding MRGC (LS) algorithm. Dmapi represents the disparity map obtained

for level i with Dmapf inal referring to the �nal solution obtained at the �nest level. To

determine the disparity range for each level, we take the maximum disparities allowed

in both the vertical and horizontal directions and divide by the sampling factor. For

example, if the maximum disparity range is [16,16]for motion disparities at the �nest

level (level 0), it becomes[8,8], [4,4]and [2,2]for levels1, 2 and 3 respectively. The energy

minimisation algorithm (EMA in step3c) is the stepthat variesamongall the algorithms

described in this section. However, in this generallevel seedingapproach steps3a and
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1. Cr eat e Gaussi an image pyramid

2. Det er mi ne d i sp ar i t y r ange f or each l ev el of t he pyramid

3. FOR i = numLevels� 1 t o 0

I F i = ( numLevels� 1)

3a . Dmap i = Normal st er eo� mot ion gr aph cu t s al gor i t hm

ELSE

3b . Upsample d i sp ar i t y map

3c . Dmap i = EMA( Dmap f i + 1g)

4. Dmap f i nal = Dmap 0

Listing 1: General outline of all multiscale methods. Dmapi represents the disparity

map obtained for level i , while EMA refers to the energyminimization algorithm used

in computation.

3b do not vary. This approach has the property that each level of the pyramid seeds,or

initialises, the next �ner level of the pyramid.

The rest of this sectiondescribesthree algorithms developed using the MRGC frame-

work, each of which attempts to reducethe number of labels usedduring the EMA in

step3c. Wepay moreattention to the � -� swap algorithm given that this is the necessary

algorithm (sinceour objective function is a semi-metric) for our combined stereo-motion

framework.

3.8.1 Lab el Disparit y Neigh bourho od Restricted MR GC (LDNR)

The key problemwith the LS algorithm describedabove is that despiteits bene�cial level

initialisation abilit y, the label set is too large and as such, computation time becomes

very large. To remedy this problem, we have developed an algorithm, called Label Dis-

parity Neighbourhood Restricted MRGC (LDNR) , that usesthe notion of label disparity

neighbourhoods to restrict the sizeof the label sets.
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Figure 3.11: The (b) label disparity neighbourhood of (a) the labelspresent (in yellow).

A label disparity neighbourhood is de�ned asthe set of label valuesthat are within a

speci�ed distancerange of the disparity value of the current label z1. The labelscannot

have disparity valuesthat are outside the allowable disparity range. The value of range

can be any scalar value desired, but in generalwe set range to 1. To help illustrate

this, we use a one-dimensionalview of a sample label set L in Figure 3.11, where the

neighbourhood of label z1 with disparity value d is represented asL z1
N . For example,the

label z1 corresponds to a disparity value d = � 7 with a label disparity neighbourhood

LN
z
1 = [z0; z1; z2]. For motion labels, wheredisparities are two-dimensional,we take the

sameapproach but apply it in both dimensions. Therefore, the range = 1 size of the

label disparity neighbourhood is 9 as opposedto a maximum sizeof 3 for stereolabels.

For stereo-motion labels, this translates into a maximum size of 3 � 3 � 9 � 9 = 729

labels.

The idea behind this algorithm is to allow pixels with label z1 to swap labels with

pixels having a label in the label disparity neighbourhood L z1
N of z1. This decreasesthe
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number of � -� swaps from all label combinations to only combinations of a label and

those within its label disparity neighbourhood. For example,in the above casethe dis-

parity range is [� 8; 0], which gives9 di�erent labels and 81 label combinations (or � -�

swaps). However, we only requireunique label combinations (due to the symmetry prop-

erty of metric Equation 3.5). Therefore,we only require the upper triangle of the 9 � 9

label combinations matrix minus the diagonal,resulting in 36 unique label combinations.

If the labels present were L pr esent = [z1; z4; z8], indicated in yellow, then the allowable

label combinations are:

1. For L z1
N : (z1; z0); (z1; z1); (z1; z2)

2. For L z4
N : (z4; z3); (z4; z4); (z4; z5)

3. For L z8
N : (z8; z7); (z8; z8) .

We are left with 8 label combinations. If we take into account that swapping a label with

itself does nothing, we are down to 5 label combinations. Going from 36 unique label

combinations to 5 is a large reduction of � -� swaps to perform, thereby decreasingthe

computation time.

The justi�cation for reducingthe label combinations to only the label disparity neigh-

bourhoods is that pixels label are assumedto already be closeto their ideal label. Swap-

ping labels within their label disparity neighbourhood allows the re�nement of the dis-

parity estimates,wherelabels travel a short distance. Over multiple iterations, however,

a pixel's label can changeby a value greater than range.

The implementation of LDNR usesthe algorithm described in Listing 1 where the

energyminimisation algorithm EMA in step 3c is shown in Listing 2. Input to the al-

gorithm is the upsampleddisparity map from the previous level of the pyramid. The

convergencecondition tests if the current iteration's energyis lessthan the previousiter-

ation's energy. This energyvalue is determinedby computing the current con�guration
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EMA f or LDNR: INPUT = Dmap up

� � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � �

1. Det er mi ne l ab el set L f p r esen t g i n Dmap up

2. WHILE E cur < E pr ev

2a . E pr ev = E cur

2b . Per form one i t er a t i on of SWAP

FOR each l ab el l a i n L f p r esen t g

Det er mi ne l ab el nei ghbour hood L N of l a

FOR each l ab el l b i n L N of l a

Dmap cur = SWAP( l a , l b )

2c . Compute E cur f r om Dmap cur

3. SET Dmap f i nal = Dmap cur

Listing 2: LDNR energyminimization algorithm.

of the disparity map with the global energyfunction. If the function hasnot converged,

the algorithm beginsby determining all the labelspresent L pr esent in the upsampleddis-

parity map from the previous level (step 1). This label set doesnot changethroughout

the entire operation of EMA. Then it performsoneiteration of SWAP in step 2b. Recall

from Figure 2.12, that an iteration computesthe con�guration with the least amount of

energyamong all label combinations withing one move spaceof the current con�gura-

tion. However, in the LDNR algorithm, this number of combinations is restricted. An

iteration in this algorithm iterates through the labels in L pr esent . For each one of these

labels la, it �nds its label disparity neighbourhood L la
N and performs � -� swap between

la and every label lb in L la
N .
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Figure 3.12: After upsampling an disparity map from level 3 to level 2, we �nd the
presenceof label error propagation between levels of the pyramid. The ideal solution
for level 2 should be (a). However, a disparity value of -2 is not in the label disparity
neighbourhood of disparity valuesof 0 or 4. Therefore,using LDNR, the disparity map
achievedat level 2 would beasin (b) wherethe disparity valuesof -1 (red) and -3 (yellow)
are errors that propagateto subsequent levels.

3.8.2 Expanding Lab el Disparit y Neigh bourho od at Every It-

eration MR GC (EL)

The decreasein the number of labelsis the main bene�t of the LDNR algorithm. However,

with such a large decrease,the accuracy will su�er. Therefore, we considera second

algorithm that accounts for the problem of reducing the label set size by too large a

margin. This algorithm is called Expanding Label Disparity Neighbourhood at Every

Iteration MRGC (EL).
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The causeof the lossin accuracyin the previousalgorithm is dueto the error propaga-

tion of invalid disparity valuesbetweenlevelsof pyramids. This is dueto the combination

of the upsamplingfunction and the restriction that labelsareonly allowed to swap within

their own label disparity neighbourhood. SeeFigure 3.12asa helpful illustration of this

problem. Figure 3.12 (a) represents the ideal solution with Figure 3.12 (b) showing the

disparity error propagation. At level 3, the disparity mapsare found. They are upsam-

pled with the disparity valuesdoubling and propagating to neighbouring pixels to get

the disparity mapsat level 2. The problem beginswith the newly createdpixels. Some

of thesepixels shouldbe assigneda disparity value other than what they currently have;

for example,the red and yellow pixels in (b). However, thesepixels are restricted to only

swap with labels in their label disparity neighbourhood, thereby never getting properly

assigned(pixels in orangein (a)). This error will then propagateto the next level and the

next, until we reach the �nest level of the pyramid where the assigneddisparity values

are no longer near their ideal values.

To remedy this problem, we allow the label set L pr esent to grow at every iteration,

shown inside step 2b of the EL algorithm in Listing 3. This label set remainedconstant

in the LDNR algorithm, restricting labels to swap only with labels in its label disparity

neighbourhood. By moving this step insidestep2b, we allow the label set to grow slowly.

Label swaps are still done between a label present in L pr esent and its label disparity

neighbourhood, but over time the disparity valuesslowly propagatetowards their ideal

values.With this increasedsetof label swaps,the accuracywill increase,but computation

time increases.

3.8.3 Swap All Com binations LDNR-MR GC (SA C)

Another method to improveaccuracyis to allow the swappingof morelabel combinations.

In the LDNR algorithm, � -� swapswererestricted to occurbetweena label and the labels
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EMA f or EL : INPUT = Dmap up

� � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � �

1. Dmap cur = Dmap up

2. WHILE E cur < E pr ev

2a . E pr ev = E cur

2b . Per form one i t er a t i on of SWAP

Det er mi ne l ab el set L f p r esen t g i n Dmap cur

FOR each l ab el l a i n L f p r esen t g

Det er mi ne l ab el nei ghbour hood L N of l a

FOR each l ab el l b i n L N of L a

Dmap cur = SWAP( l a , l b )

2c . Compute E cur f r om Dmap cur

3. SET Dmap f i nal = Dmap cur

Listing 3: EL energyminimization algorithm.

in its label disparity neighbourhood. The new algorithm, called SwapAll Combinations

LDNR-MRGC (SAC), removesthis restriction.

The algorithm for SAC is found in Listing 4. Similar to LDNR, it determinesthe labels

present Lpr esent in the upsampleddisparity map (step 1a), without growing throughout

the algorithm. The next step involvesdetermining the label disparity neighbourhoods for

each of the labelsin L pr esent , adding theselabelsto the label setL todo (step 1b). This new

label set would correspond to the third row, \present", of Figure 3.11. Then it computes

the � -� swaps for each of the label combinations of labels in L todo in step 1c.

In the caseof stereoalgorithms or motion algorithms, the label set could conceivably

becomethe full label set. In stereo-motion algorithms, however, the label set never

reachesthe full label set. This is due to the impossibility of somedisparity combinations

in the super labels. For instance, a super label f = f f dt ; f dt +1 ; ~f dL ; ~f dR g with values

f = [� 16; 0; (� 16; 0); (0; 0)] is unlikely to be supported by the data. This pixel has two
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EMA f or SAC: INPUT = Dmap up

� � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � �

1. WHILE E cur < E pr ev

1a . Det er mi ne l ab el set L f p r esen t g i n Dmap up

1b . FOR each l i i n L f p r esen t g

Det er mi ne l ab el nei ghbour hood L N of l i

Add L N of l i t o l ab el set L t odo

1c . Per form one i t er a t i on of SWAP

FOR each l ab el l a i n L t odo

FOR each l ab el l b i n L t odo

SWAP( l a , l b )

2. SET d i sp ar i t y map = cu r r en t con f i gu r at i on

Listing 4: SAC energyminimization algorithm.

very di�erent stereodisparities and two very di�erent motion disparities. Nonetheless,

there is a large increasein label combinations, causinga large increasein computation

time. On the other hand, we also receive a valuable increasein accuracy.

3.9 Summary

The designof a multi-resolution graph cuts algorithm for stereo-motionrequiresdeciding

what data and smoothnessfunctions to use. The choice of a smoothnessfunction has

a large in
uence on the computational expenseof the system. A metric smoothness

function allows the useof the faster � -expansionalgorithm in the graph building stage,

with a time complexity of O(mn) wherem is the number of pixels and n is the number

of labels. However, if only a semi-metricsmoothnessfunction is possible,the useof the

� -� swap algorithm O(mn2) is required.
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Given the known time complexity functions, reducing the number of pixels and the

number of labels is key to a faster algorithm. We useda multi-resolution approach to

accomplishthis task, whereby a graph cuts algorithm for stereo-motionwasperformedat

each level of the pyramid, then seedingthe next level of the pyramid. Seedinginitialised

each level closerto its optimal solution, thereby improving computation time.

We also developed three di�erent algorithms (LDNR, EL, SAC) that reduced the

number of labels. In the next chapter, we look at the results of thesealgorithms and

the overall systemperformance.In particular, we examinethe trade-o� betweensystem

accuracyand computation time.



Chapter 4

Results

This chapter evaluates the performanceof the Multi-Resolution Graph Cuts for Stereo-

Motion systemin comparisonto the original graphcuts for stereo techniqueof [6, 8, 5, 18,

28]. The systemimplementation wasdonein C++ on a Pentium IV 3GHz machine with

4GB of memory, running the Linux operating system. Table 4.1 shows the systeminput

parametersusedto generatethe results in this chapter. Input parameter representation

can be found with their associated equation, if applicable, shown in the third column.

The disparity range and the border size is divided by the downsampling/upsampling

factor for each level of the pyramid. For example,at level 0 of the pyramid, the border

is 18 pixels and the horizontal disparity range is [-16,0], while at level 1, the border is

18� 2 = 9 pixels and the horizontal disparity rangeis [-8,0].

Without the presenceof any known groundtruth data for stereoimagesequenceswith

motion, we are forcedto test all algorithms againstground truth data obtained from the

Middlebury Stereowebpage[22]. All imagesequencesarerecti�ed stereoimagesequences

that contain static scenesand robust objects. We test our algorithms using the Tsukuba

sequence,which is composedof �v e colour imagesof size 384 � 288 pixels, shown in

Figure 4.1. The cameramotion is a simple translation from right to left. Ground truth

64
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Figure 4.1: Tsukuba image sequencecomposedof 5 colour imagesof size 384 � 288
pixels.

data is alsoprovided, accompaniedby an occlusionmap, a depth discontinuity map and

a texturelessregion map, which are shown in Figure 4.2.

Our stereo-motionframework is testedusingthreeconsecutive imagesof the sequence.

For example,the �rst stereopair of imagesL t and Rt correspond to images3 and 4 from

Figure 4.1. The secondstereopair of imagesat time t + 1, L t+1 and Rt+1 , correspond

to images4 and 5. Thus, the disparity value d1 corresponds to stereo pair at time t

(images3 and 4), while d2 correspondsto stereopair at time t + 1 (images4 and 5). The

motion disparity valuesdL and dR correspond to the left motion pair (images3 and 4)

and the right motion pair (images4 and 5), respectively. Therefore,our imagesexhibit

no vertical motion due to the imagesbeing recti�ed.

The rest of this chapter is organizedas follows. Section4.1 illustrates the Gaussian

pyramids createdfor the imagesequence.Section4.2analysesthe in
uence that label set

sizehason the computation time of the system. Finally, Section4.3 looksat the disparity

mapsgeneratedby each algorithm presented in Chapter 3 and comparesaccuracyagainst

computation time.
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Parameter Value Equation

Disparity range:

[xmin ; xmax ] [� 16; 0]

[ymin ; ymax ] [0; 0]

Border size(pixels) 18

Number of pyramid levels 4

Down/upsampling factor 2

Label disparity neighbourhood range + = � 1

� D cutof f 1000 3.12

� I 5 3.4

� Scutof f 1000 3.13

� 20 3.13

K 1 3.4

Table 4.1: Valuesof the parametersusedto compute the results in Chapter 4.

4.1 Gaussian Pyramids

The �rst major stage in the 
o w diagram of Figure 3.5 is the Image Pyramid stage

described in Section 3.5. This stage involves recursively blurring an image and then

downsampling it to get the next coarserlevel of the pyramid. For all algorithms imple-

mented in this paper, we used� = 2 for the Gaussian�lters and we downsampledthe

imagesby a factor of two.

Both the MRGC stereoalgorithms and the MRGC motion algorithms generateGaus-

sian pyramids for two input images.Figure 4.3 shows a sampleof theseGaussianpyra-

mids generatedby the Image Pyramid stage. In the pyramid, the original input images

are shown at level 0. For stereo, image 1 and image 2 correspond to imagesLeftt and

Rightt , respectively. When computing motion, image 1 and image 2 correspond to the
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 Range: [0, 224] 
 Dims: [288, 384] 

Tsukuba Ground Truth Image

 Range: [0, 1] 
 Dims: [288, 384] 

Tsukuba Occlusion Map

 Range: [0, 1] 
 Dims: [288, 384] 

Tsukuba Depth Discontinuities

 Range: [0, 1] 
 Dims: [288, 384] 

Tsukuba Textureless Regions

Figure 4.2: Ground truth disparity map (top left), occlusionmap (top right), depth dis-
continuity map (bottom left) and texturelessregionmap (bottom right) for the Tsukuba
imagesequence.

im t and im t+1 imagepairs, respectively. The border sizefor each of the levels, starting

at level 0, is [18,9,4,2],with the axescorresponding to imagesize.

Figure 4.4 shows an exampleGaussianpyramid generatedby the combined stereo-

motion algorithms described in Section3.8. The input imagesfor thesealgorithms are

shown at level 0 with the imagesLef t t , Right t , Lef t t+1 and Right t+1 corresponding to

the two stereoimagepairs from Figure 3.4.

4.2 Num ber of Lab els

Oneof the most important measuresof any systemis its computation time. In the graph

cuts framework, factors in
uencing computation time are the number of pixels m and

the number of labelsn. This is evident in the time complexity equationsO(mn) for the

� -expansionalgorithm and O(mn2) for the � -� swap algorithms.

Figures 4.5 and 4.6 show the results of varying the number of labels and their e�ect

on processingtime. The number of labels represent the sizeof the allowable disparity

rangeor the number of possibledisparity valuesthat a pixel can be assigned.Figure 4.5
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Figure 4.3: Two imagesare used to create the image pyramids above and are usedas
input to the stereo(image 1 = Lef t t and image2 = Right t ) or motion (image 1 = im t

and image2 = im t+1 ) graph cuts algorithms. From left to right, the imagesproceedup
the pyramid, passingfrom the �nest to the coarsestlevel of the pyramid with each image
axis indicating the image dimensionsin pixels. The border size for each of the levels,
starting at level 0, is [18,9,4,2],with the axescorresponding to imagesize.

comparesthe original stereograph cuts algorithm to the LS stereoalgorithm. Figure 4.6

does likewise,but comparesresults between the standard motion graph cut algorithm

and the LS motion version. As seenin the �gures, there is a direct correlation between

the number of pixels and the computation times of each algorithm. As the number of

labels increases,the computation time increases.Everything to the left of the vertical

dotted lines appearsto follow the time complexity equationsfor their respective graph

building algorithm. During computation, we only compute unique label combinations,

which explains the near linear curve of � -expansionO(mn) for stereo. For motion, it

appearsto follow O(mn2) for the � -� swap algorithm. However, no regressionanalysis

hasbeendoneto con�rm theseinterpretations. Also, we should note that everything to

the right of the vertical lines appearslinear. This is explainedby the fact that there are

only 16 possiblelabelsattainable in the Tsukuba sequence.As such, extra computation

is addedthrough a loop searching for pixels assignedthe extra labels. Sincethere is an

absenceof pixelsassignedtheseextra labels,no time is spent building a graph and �nding

the minimum cut. Also, another important result is that the LS algorithm for motion
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Figure 4.4: Four imagesare used to create the image pyramids above and are usedas
input to the combined stereo-motiongraph cuts algorithms. From top to bottom, the
imagescorrespond to the Lef t t , Right t , Lef t t+1 and Right t+1 of the two stereopairs
in Figure 3.4. From left to right, the imagesproceedup the pyramid, passingfrom the
�nest to the coarsestlevel of the pyramid with each image axis indicating the image
dimensionsin pixels.

starts to out-perform the standard motion graph cuts algorithm in terms of computation

time oncethe label set sizesstart to becomelarge.

Table4.2 and Figure 4.7 alsodemonstratethis characteristic for all algorithms imple-

mented, with Figure 4.7 being the graphical representation of the data in Table 4.2. The

term \Normal" in Table4.2 refersto straightforward computation of the speci�c method.

The number of labels designatethe �nal number of labels usedfor computation during

the �nal iteration before convergence. Despite the di�erence in the number of labels,

all rows with the samemethod solve the mentioned problem. In Figure 4.7, we can see
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Figure 4.5: The relationship betweenthe number of labels and the time to convergence
for the original stereograph cuts algorithm and the LS stereograph cuts algorithm. The
dotted vertical line indicates the rangeof disparities known to be actually present in the
data.

that we exhibit near linear computation time for stereograph cuts algorithms, while we

do better than quadratic computation time for the motion and combined stereo-motion

algorithms.

At the time of writing, usingboth the stereo-motiongraph cuts algorithms \Normal"

and LS, the number of labels is too large. As a result, the experiments are still ongoing.

We estimatethesealgorithms to reach convergencein approximately 6 months, basedon

interpolating the time it took for one iteration to complete. Thus, the value \A" in the

table is a very large,while the value\B" for LS for stereo-motiongraph cuts is alsolarge,

but most likely a number lessthan \A". Using a multi-resolution framework initializes

the energyfunction closerto the minimum, thereby achieving convergencefaster.

Figure 4.8 illustrates the in
uence of the number of pixels and the number of labels

on computation time. An iteration in the graph indicateswhenthe algorithm hascreated

all possiblelabel combinations, calculated the minimum energyof each graph for each
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Figure 4.6: The relationship betweenthe number of labels and the time to convergence
for the motion graph cuts algorithms. The dotted vertical line indicates the range of
disparities known to be actually present in the data.

of theselabel combinations, and produced the con�guration with the lowest amount of

energy. The graph shows a plot of iterations on the x-axis versusthe time to completion

(seconds)on the y-axis. The vertical dotted lines in the graph indicate when a level

changehas occurred in the algorithm. Going from left to right, thesechangesoccur at

iterations 7 (from level 3 to 2), 15 (from level 2 to 1) and 25 (from level 1 to 0).

Level changeshave two e�ects on the system: (1) the imagedimensionsincreaseby

the samplingfactor (factor = 2 in all our cases);and (2) the disparity rangeincreasesby

this samefactor. Therefore,the number of pixels increasesby a factor of 22 = 4 at each

level change. Similarly, the number of labels increasesby a factor of 2 for � -expansion

and by a factor 22 = 4 for � -� swap. The resulting e�ect is an increasein computation

time. This e�ect is visible in the increasedcomputation time as we passfrom a higher

(coarser) level of the pyramid to a lower (�ner) level of the pyramid where the slope

increasesfor each level.
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ID No. Method Algorithm No. Labels Time (secs)

1 Stereo Normal 17 23

2 Stereo LS 17 23

3 Stereo LNR 17 23

4 Stereo ELNEI 17 23

5 Motion Normal 17 99

6 Motion LS 17 48

7 Motion LNR 7 7

8 Motion ELNEI 14 11

9 Stereo-motion Normal 83521 A

10 Stereo-motion LS 83521 B

11 Stereo-motion LNR 251 294

12 Stereo-motion ELNEI 2890 2073

13 Stereo-motion SAC-LNR 10798 533593

Table4.2: The relationship betweenthe number of labelsand the time to convergencefor
all graph cuts algorithms. A is a very large time (estimated asapproximately 6 months)
and B is also large and is lessthan A.
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Figure 4.7: The relationship betweenthe number of labelsusedin an algorithm and the
time to convergencefor all graph cut algorithms (stereo, motion and combined stereo-
motion).
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Figure 4.8: Samplecomputation time graph for a multi-resolution graph cuts (MRGC)
algorithm. Vertical dotted lines indicate a change in level operation in the MRGC al-
gorithm. The �rst dotted line on the left beginsat the highest (coarsest) level of the
pyramid operation, �nishing with the lowest (�nest) level of the pyramid. This example
beginsat level 3 and �nishes at level 0.
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4.3 Accuracy

To provide a quantitativ e measureof systemaccuracy, we comparethe disparity maps

obtained from each algorithm to the ground truth data provided by the Middlebury

Stereowebpage[22], shown in the top left image in Figure 4.2. Accuracy is computed

accordingto two measures:

1. Ro ot mean square error (RMSE) : Measuredin pixel disparity units between

the estimateddisparity map dest(x; y) and the ground truth disparity map dgt (x; y).

This is represented as

RM SE =

s
1
N

X

(x;y )

jdest(x; y) � dgt (x; y)j2 (4.1)

whereN is the total number of pixels.

2. Accuracy : The percentage of pixels that have the samedisparity value as the

ground truth data. We represent this as

Accuracy =

0

@ 1
N

X

(x;y )

(jdest(x; y) � dgt (x; y)j < � d)

1

A � 100 (4.2)

where� d is a disparity error tolerance. We set � d to 1.0 pixels.

Disparity valuesare only consideredin regionsof non-occlusion. Thus, we mask the

output disparity mapswith the occlusionmap in the top right imageof Figure 4.2,where

white pixels indicate regionsof non-occlusion. Error histogramsareusedto illustrate the

distribution of absolute value of the disparity error in pixels. Energy over time plots

are used to show the measureof accuracyof a solution. Lastly, we also provide maps

indicating the pixels the labels that have beenlabeled inaccurately.

The rest of this section is organizedas follows. First, we show all disparity maps

obtained for each of the algorithms: stereo graph cuts algorithms, motion graph cuts

algorithms and combined stereo-motiongraph cuts algorithms. Second,we analyzethe
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accuracyof each of the algorithms using the previously mentioned metrics. More im-

portantly, we comparethe trade-o� between the systemaccuracyagainst computation

time.

4.3.1 Disparit y Results

The disparity map generatedby the stereograph cuts algorithms are all very similar.

The only di�erences are a few pixels along depth discontinuities having di�erent labels.

The number of pixels having di�culties in theseregionsis too small to have a signi�cant

e�ect, asevidencedby the accuracyvaluesdiscussedin the Section4.3.2. As a result, we

show only onedisparity map from for all stereoalgorithms (Figure 4.9).

For motion graph cuts algorithms, the disparity maps accuracyvaried. Computing

motion graph cuts without any multi-resolution implementation resultedin the disparity

map in Figure 4.10. The disparity mapsfor the rest of the motion graph cuts algorithms,

thosewith ID# 6-8in Table4.2,areshown in Figure 4.11. Each columnrepresents a level

in the pyramid, while each row corresponds to a di�erent motion graph cuts algorithm.

The �rst row is the LS algorithm. The secondrow is the LDNR algorithm and the third

row is the EL algorithm.

The combined stereo-motiondisparity mapscontain four images,two stereodisparity

mapsand two motion disparity maps,for each level of the pyramid. This resultsin sixteen

imagesper algorithm. The LDNR graph cuts method for stereo-motiondisparity maps

are shown in Figures 4.12 and 4.13. The causeof the black regionsin all four disparity

maps is a curious behaviour whosecausemay be a bug in the code. Figures 4.14 and

4.15 show the disparity maps for the EL graph cuts for stereo-motionalgorithm, which

are a great improvement over their LDNR stereo-motionalgorithm counterparts. Lastly,

the most accurateset of disparity mapscan be seenin Figures4.16and 4.17for the SAC

graph cuts for stereo-motionalgorithm.
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Figure 4.9: Disparity map for the normal stereograph cuts algorithm.

 Range: [0, 240] 
 Dims: [288, 384] 

x_d1

Figure 4.10: Disparity map for the normal motion graph cuts algorithm.
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Figure 4.11: Disparity mapsfor multi-resolution graph cuts for motion algorithms. Each
column corresponds to a level in the pyramid operation, while each row corresponds to
a di�erent algorithm where the rows are: (1) LS motion graph cuts, (2) LDNR motion
graph cuts and (3) EL motion graph cuts.
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Figure 4.12: Disparity maps for LDNR stereo-motiongraph cuts. Each column corre-
sponds to a level of the pyramid, while each row corresponds to the resulting disparity
map, with two stereodisparity maps(d1 and d2) and two motion disparity maps(dL and
dR) per level of the pyramid.
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Figure 4.13: Disparity maps for LDNR stereo-motiongraph cuts. There are two stereo
disparity maps(d1 and d2) and two motion disparity maps(dL and dR).
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Figure 4.14: Disparity mapsfor EL stereo-motiongraph cuts. Each column corresponds
to a level of the pyramid, while each row correspondsto the resulting disparity map, with
two stereodisparity maps (d1 and d2) and two motion disparity maps (dL and dR) per
level of the pyramid.
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 Range: [0, 240] 
 Dims: [288, 384] 

x_d1 level 0

 Range: [0, 240] 
 Dims: [288, 384] 

x_d2 level 0

 Range: [0, 240] 
 Dims: [288, 384] 

x_dL level 0

 Range: [0, 240] 
 Dims: [288, 384] 

x_dR level 0

Figure 4.15: Disparity maps for EL stereo-motion graph cuts. There are two stereo
disparity maps(d1 and d2) and two motion disparity maps(dL and dR).
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Figure 4.16: Disparity mapsfor SAC stereo-motiongraphcuts. Each columncorresponds
to a level of the pyramid, while each row correspondsto the resulting disparity map, with
two stereodisparity maps (d1 and d2) and two motion disparity maps (dL and dR) per
level of the pyramid.
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 Range: [0, 240] 
 Dims: [288, 384] 

x_d1 level 0

 Range: [0, 240] 
 Dims: [288, 384] 

x_d2 level 0

 Range: [0, 240] 
 Dims: [288, 384] 

x_dL level 0

 Range: [0, 240] 
 Dims: [288, 384] 

x_dR level 0

Figure 4.17: Disparity maps for SAC stereo-motiongraph cuts. There are two stereo
disparity maps(d1 and d2) and two motion disparity maps(dL and dR).
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4.3.2 Analysis

The data in Table4.3 is illustrated in the accuracyversustime plot of Figure 4.18,which

shows all results from algorithms that createsdisparity maps for stereo image pairs.

Thesealgorithms have the 'ID#' 1-4 and 11-13in Table 4.2 and Table 4.3, except that

thosenumbered11-13havedisparity mapsfor the �rst stereopair (Lef t t ; Right t ), labeled

as d1, and for the secondstereopair (Lef t t+1 ; Right t+1 ), labeled as d2. In the graph,

thesestereopairings becomeobvious asthe data points that are coupledby computation

time. For example, the disparity maps d1 and d2 for the SAC stereo-motionalgorithm

have a time value of 533593seconds.

All stereo algorithms (1-4) implemented achieve similar time and accuracy results

with very small variance. Figure 4.20 (left) shows a typical distribution. The error

distributions show the absolutedi�erence betweenthe estimatedvaluesand the ground

truth values in pixels. 97% of the distribution is within one pixel distance from the

ground truth data. Those pixels whoseerror are greater than one pixel usually lie in

the regionsnear depth discontinuities, a commonsourceof error for stereocomputation,

shown in Figure 4.20(right) wherethe intensitiesare scaledto maximum disparity error.

Looking at the stereoalgorithms alone, the bene�t of the multi-resolution approach

is not apparent. However, if we look at the motion algorithms, the bene�ts becomeclear.

Figures 4.21 to 4.24 present the distributions (left) and inaccurate label maps (right)

for the motion algorithms. As accuracyincreases,the computation time increases.The

fastest motion algorithm is the LDNR motion algorithm at only 7 secondscomputation

time, as opposedto the 99 secondsfor the normal motion algorithm. This increasein

accuracycan reasonablybe attributed to the increasein number of label combinations

calculated for correspondence.
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ID# Method Algorithm Accuracy% RMSE(pixs) Time (s)

1 Stereo Normal 97.406 0.912 23

2 Stereo LS 97.399 0.914 21

3 Stereo LDNR 97.402 0.901 19

4 Stereo EL 97.399 0.914 20

11 SM LDNR (d1) 80.71 2.200 294

LDNR (d2) 69.42 3.230 294

12 SM EL (d1) 87.18 1.680 2073

EL (d2) 86.37 1.790 2073

13 SM SAC (d1) 90.96 1.340 533593

SAC (d2) 91.12 1.350 533593

Table 4.3: The relationship betweensystemaccuracyand time to convergencefor graph
cuts algorithms creating stereodisparity maps,whereSM represents stereo-motion.
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Figure 4.18: The accuracyversustime plots for all algorithms that createstereodisparity
maps(d1 and d2).
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ID# Method Algorithm Accuracy% RMSE(pixs) Time (s)

5 Motion Normal 93.671 1.108 99

6 Motion LS 90.168 1.267 48

7 Motion LDNR 84.577 1.412 7

8 Motion EL 87.329 1.438 11

11 SM LDNR (dL) 46.75 3.53 294

LDNR (dR) 46.59 3.14 294

12 SM EL (dL) 86.19 1.54 2073

EL (dR) 84.66 1.70 2073

13 SM SAC (dL) 91.50 1.25 533593

SAC (dR) 90.55 1.32 533593

Table 4.4: The relationship betweensystemaccuracyand time to convergencefor graph
cuts algorithms creating motion disparity maps,whereSM represents stereo-motion.
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Figure 4.19: The accuracyversustime plots for all algorithmsthat createmotion disparity
maps(dL and dR).
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Examining the combinedstereo-motionalgorithms further reinforcesthis relationship.

Recall from Section3.8, that each of the combined stereo-motionalgorithms limits the

label set in di�erent ways. The result is that the LDNR algorithm severely reducesthe

number of label combinations, from 83521to 251 labels, thereby signi�cantly reducing

the computation time, from an estimated 6 months computation time down to 294sec-

onds. If we allowed the normal stereo-motiongraph cuts algorithm to run for this same

amount of time, it would barely �nish a fraction of the computation neededto complete

the �rst iteration. However, as previously mentioned, accuracysu�ers greatly, reducing

down to a 70-80%accuracy rate. This is illustrated in the error distributions and in-

accuratelabel mapsof the stereo-motiongraph cuts algorithms in Figures 4.25 to 4.30.

As we continually increasethe number of labelsand consequently the computation time,

as in EL stereo-motiongraph cuts and SAC stereo-motiongraph cuts, we improve the

systemaccuracy. We can attribute this improved accuracyto solving the error propaga-

tion problem, described in (Section 3.8.2), for pixels near depth discontinuities and the

background layer. Thesepixels are allowed the opportunit y to take on similar labels to

the pixels in these regions that are already labeled properly. This is evidencedin the

stereo-motioninaccuratelabel mapsin Figure 4.26for the LDNR algorithm, Figure 4.28

for the EL algorithm and Figure 4.30 for the SAC algorithm, where a large portion of

the improperly labeled pixels in the background and depth discontinuity regionsof the

LDNR algorithm disappear in the EL algorithm and almost completelydisappear in the

SAC algorithm.

The bene�t of the multi-resolution approach is more pronouncedif we look at both

the motion graph cuts algorithms and the combined stereo-motiongraphcuts algorithms.

Table 4.4 and its graphical representation in Figure 4.19 demonstrate this di�erence

betweenaccuracyand computation time of the resulting motion disparity map estimates.

The motion disparity map estimatesare generatedin algorithms that have the ID# 5-8

and 11-13 in Table 4.2 and Table 4.4, with the exception that those numbered 11-13
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have disparity maps for the left motion pair (Lef t t ; Lef t t+1 ), labeled as dL , and the

right motion pair (Right t ; Right t+1 ), labeled as dR . Using any of the di�erent multi-

resolutionalgorithms for motion computation had a largee�ect in reducingcomputation

time down to a fraction of the original motion graph cuts algorithm; from 98 seconds

down to 7 secondsin the caseof the LDNR algorithm. There was only a slight loss in

accuracy.
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original stereograph cut algorithm.
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Figure 4.21: Distribution of pixel error (left) and inaccurate label map (right) for the
motion graph cut algorithms without any multi-resolution implementation.
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Figure 4.23: Distribution of pixel error (left) and inaccurate label map (right) for the
LDNR motion graph cut algorithms without any multi-resolution implementation.
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Figure 4.25: Distribution of pixel error for LDNR stereo-motiongraph cut algorithms.
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Figure 4.26: Inaccurate label map for LDNR stereo-motion graph cut algorithms.
Brighter pixels indicate greater error.
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Figure 4.27: Distribution of pixel error for EL stereo-motiongraph cut algorithms.
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Figure 4.28: Inaccurate label map for EL stereo-motiongraph cut algorithms. Brighter
pixels indicate greater error.
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Figure 4.29: Distribution of pixel error for SAC stereo-motiongraph cut algorithms.
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Figure 4.30: Inaccuratelabel map for SAC stereo-motiongraph cut algorithms. Brighter
pixels indicate greater error.
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ID# Method Algorithm Energy Time (secs)

11 SM LDNR (dL) 7652980 294

12 SM EL (dL) 1914927 2073

13 SM SAC (dL) 717592 533593

Table 4.5: The resulting energyvaluesfor each stereo-motionalgorithm.

We can alsousethe �nal energyvalue of the resulting energyfunctional asa measure

of goodnessof a solution. The lower the energyvalue, the closerthe solution is to the

global minimum. Figure 4.31 is an exampleof the total systemenergyover the course

of its operation. Two of the lines in each of the graphs indicate the energy value of

the components that make up the energy function, namely the data energyterm Edata

and the smoothnessenergyterm Esmooth . The third line represents the total energyof

the system, which is the sum of the data and smoothnessterms. The vertical dotted

lines have the samerepresentation as those in the number of labels versustime graphs

of Section 4.2, where each line represents a change in level of the pyramid. Thus, the

large spikes in energycoincidewith each changein level of computation becauseof the

increasein pixels and labels that causelarger energyvalueswhen computing both the

data and smoothnessterms.

All three of theseplots represent the energyvalue over time for three stereo-motion

graph cuts algorithms. Figure 4.31(a) correspondsto the LDNR algorithm. Figure 4.31

(b) shows the EL algorithm energyresults,while Figure 4.31(c) givesthe SAC algorithm

energy results. The �nal energy valuesachieved by each algorithm are summarizedin

Table 4.5. The SAC algorithm achieves a lower energymeasure,and as such, is more

accuratethan the other two stereo-motionmethods.
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Figure 4.31: Total energygraphfor the stereo-motiongraphcuts algorithms: (top) LDNR
algorithm, (middle) EL algorithm, and (bottom) SAC algorithm. Vertical dotted lines
indicate a change in level operation in the MRGC algorithm. The �rst dotted line on
the left beginsat the highest(coarsest)level of the pyramid operation, �nishing with the
lowest (�nest) level of the pyramid. This examplebeginsat level 3 and �nishes at level 0.
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4.4 Summary

In Chapter 4, we began with a demonstration of the image pyramids created by the

system. Next, we looked at the e�ect of varying the number of labels on the system,

illustrating that the system computation time has a direct relationship to the number

of pixels. Increasingthe number of labels increasesthe computation time, independent

of the choice of graph cuts algorithm. However, there is a linear relationship for graph

cuts implementing the � -expansionalgorithm asopposedto a quadratic relationship for

graph cuts implementing � -� swap algorithm.

Systemaccuracyalsohad a quadratic relationship to computation time in the multi-

resolution graph cuts algorithms for stereo-motion. Each of the three algorithms imple-

mented reducedthe label sets,but at di�erent degrees,directly a�ecting systemaccuracy.

Also a�ecting accuracyare regionsof depth discontinuities and occlusion.

In the next chapter, we suggestways to improve the computation time of the system.

These include the use of the fundamental matrix, determining a di�erent convergence

criteria and formulating a metric smoothnessfunction. We also proposea method to

computesub-pixel disparity measurements for graph cuts.
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Conclusions and Future Work

The original graph cuts algorithm, presented in [6, 7, 8, 5, 18, 28], producesvery accurate

disparity mapsat the expenseof high computation cost. The method includestwo algo-

rithms usedfor graph creation, the � -expansionalgorithm and the � -� swap algorithm,

with the decisionfactor being the formulation of the smoothnessterm. If the designed

smoothnessfunction is a metric, oneshould usethe � -expansionalgorithm, with a time

complexity of O(mn), where m is the number of pixels and n is the number of labels.

This algorithm has the bene�t of a guaranteed solution within a known factor of 2 of

the global minimum. However, formulating a metric function createsdi�culties for more

generalproblems, such as motion. In these cases,it is easier to create a semi-metric

smoothnessfunction, requiring the useof the much slower � -� swap algorithm, which is

O(mn2). Consequently, the in
uence of the label setsizebecomesevenmorepronounced.

Taking this into consideration,this thesis presents a multi-resolution graph cuts for

a stereo-motion system. The multi-resolution feature of the system design createsa

framework with many bene�ts. First, we are able to handle larger images than the

original graphcuts algorithm. The multi-resolution framework breaksthe correspondence

probleminto smaller, faster subproblemsof computing correspondenceon smallerimages

with smaller label sets. This allows for an initialisation of the subsequent pyramid level

100
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to be closer to that level's objective function's minimum. By the time we reach the

�nest level of the pyramid, we are already very closeto the best solution that the � -�

swap algorithm can provide. As a result, the number of iterations to reach convergence,

and conversely computation time, is decreased. Second,we are able to handle larger

disparity ranges.In a similar fashionto the handling of larger images,the multi-resolution

framework alsoreducesthe label set sizeat each level of the pyramid. Third, this multi-

resolution framework helpspromote solutions to more generalproblems,such asmotion

estimation, wherethe search spacelies in two-dimensions,as opposedto onedimension

for recti�ed stereo.

Another system design feature is the use of both stereoand motion constraints to

improve the accuracy. The resulting e�ect on accuracyis unknown at the moment, but

is still undercomputation becauseof the increasedtime complexity in the problem. Using

this stereo-motionframework, the problem extendedfrom a one-dimensionalproblem in

stereo to a �v e-dimensionalproblem, one-dimensionfor each of the two stereo image

pairs and two-dimensionsfor the motion image pairs (two horizontal and one vertical

due to imagerecti�cation). The result of this extensionrequiresthe useof the slower � -

� swap algorithm for graph creation, thus increasingcomputation time. However, in this

framework, we arestill able to establishthe trade-o� betweenan increasein computation

time that will result in an increasein accuracy.

A highlight of the systemis the designof threedi�erent approachesto multi-resolution

graph cuts. The �rst algorithm, LDNR, usesa vastly reducedset of labels to compute

the resulting disparity maps. It is the fastest of the three algorithms and is best used

in situations where fast initialisation closeto the global minimum is desired, because

the overall accuracyrates su�ers. However, for a substantial increasein accuracy(if an

increasein computation time is acceptable)the choice of the EL algorithm is a better

option. Lastly, if accuracy is of greatest importance, the use of the SAC algorithm is

the best option. The label sets are lessthan straightforward computation, due to the
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multi-resolution framework, but aresigni�cant enoughto increaseaccuracyby 5-6%when

usedwith stereo-motioncomputation. There is, however, a big increasein computation

time. On the other hand, when comparedto the straightforward computation of stereo-

motion with a multi-resolution approach, there is a signi�cant decreasein computation

time, going from an estimatedcomputation time of 6 months to 5-6 days (depending on

convergencelimits).

Output of the system is in the form of densedisparity maps. The bene�t of dense

disparity maps lies in their inverserelationship with depth. Given that we are able to

obtain densedisparity maps, we are able to discern the depth to objects in the scene.

This becomesvery useful in applicationssuch asscenereconstruction,navigation, image

segmentation, object recognition and object tracking.

5.1 Future Work

The multi-resolution framework described in this thesis provides a general framework

that opens up the possibility of many areas of future work. Areas for improvement

involve improving both the accuracyand the computation time of the system. Someof

theseareasare:

� Finding the fundamental matrix betweenmotion imagepairs, accordingto [14], so

that the search spacefor correspondencebetweenbecomesone-dimensional.From

the fundamental matrix, weknow that a point in oneimagemust havea correspond-

ing point lie along the epipolar line in the other image,assumingno independently

moving objects in the scene.Therefore,we have reducedthe overall systemsearch

spacefrom �v e dimensions(two for stereoand three for motion) to four dimen-

sions (two for stereo and two for motion), thereby improving computation time

and accuracy. This is valid if there are no independently moving objects in the

images.
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� Formulate a smoothnessterm in the form of a metric, thus sacri�cing accuracy

for a signi�cant reduction in computation time. Using a metric would allow the

useof the � -expansionalgorithm during the graph building step. The � -expansion

algorithm is O(mn) as opposed to O(mn2) in the � -� swap algorithm. It also

has the guarantee of �nding a solution within a known factor of 2 from the global

minimum.

� Determinean improved convergencecriteria for the energyminimisation technique.

Generally, after 4-5 iterations, the system has nearly stabilized, with its energy

being very closeto the energyof the systemit would achieve at convergence.This

signi�es that the solutions are quite similar and implies that changesthat are

occurring are labeling changesof only a few pixels at a time. The pixels are most

likely those pixels in the regionsof di�cult y: occlusion, texturelessor near depth

discontinuities. Improving the convergencecriteria can help improve systemspeed

with only a little decreasein accuracy.

� Computesub-pixelaccuracydisparity measurements. The original graph cuts algo-

rithm is only setup for integer valuesof disparity. However, in the multi-resolution

framework created in this thesis, we are able to handle larger label sets. A good

approach would be to initially calculate disparities to integer accuracyand then

sub-divide each integer value into smaller 
oating point labelsand computing cor-

respondencein each reducedset of labels.
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